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Abstract. Determinants of invertible pseudo-differential operators (PDOs) close 
to positive self-adjoint ones are defined through the zeta-function regularization. 

We define a multiplicative anomaly as the ratio det(AB) / (det(A) det(B)) con- 
sidered as a function on pairs of elliptic PDOs. We obtained an explicit formula for 
the multiplicative anomaly in terms of symbols of operators. For a certain natural 
class of PDOs on odd-dimensional manifolds generalizing the class of elliptic dif- 
ferential operators, the multiplicative anomaly is identically 1. For elliptic PDOs 
from this class a holomorphic determinant and a determinant for zero orders PDOs 
are introduced. Using various algebraic, analytic, and topological tools we study 
local and global properties of the multiplicative anomaly and of the determinant 
Lie group closely related with it. The Lie algebra for the determinant Lie group 
has a description in terms of symbols only. 

Our main discovery is that there is a quadratic non-linearity hidden in the defi- 
nition of determinants of PDOs through zeta-functions. 

The natural explanation of this non-linearity follows from complex-analytic prop- 
erties of a new trace functional TR on PDOs of non-integer orders. Using TR we 
easily reproduce known facts about noncommutative residues of PDOs and obtain 
several new results. In particular, we describe a structure of derivatives of zeta- 
functions at zero as of functions on logarithms of elliptic PDOs. 

We propose several definitions extending zeta-regularized determinants to gen- 
eral elliptic PDOs. For elliptic PDOs of nonzero complex orders we introduce a 
canonical determinant in its natural domain of definition. 
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1. Introduction 

Determinants of finite-dimensional matrices A,Be M n (C) possess a multiplicative 
property: 

det(AB) = det(A) det(B). (1.1) 
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An invertible linear operator in a finite-dimensional linear space has different types of 
generalizations to infinite-dimensional case. One type is pseudo-differential invertible 
elliptic operators 

A:T(E)^T(E), 

acting in the spaces of smooth sections T(E) of finite rank smooth vector bundles 
E over closed smooth manifolds. Another type is invertible operators of the form 
Id +K where K is a trace class operator, acting in a separable Hilbert space H. For 
operators A, B of the form Id+K the equality (1.1) is valid. 

However, for a general elliptic PDO this equality cannot be valid. It is not trivial 
even to define any determinant for such an elliptic operator. Note that there are 
no difficulties in defining of the Fredholm determinant deti? r (Id +K). One of these 
definitions is 

det Fr (ld+K) := 1 + Tr K + Tr (a 2 ^) + . . . + Tr (A m K) + ... (1.2) 

The series on the right is absolutely convergent. For a finite-dimensional linear opera- 
tor A its determinant is equal to the finite sum on the right in (1.2) with K := A — Id. 
Properties of the linear operators of the form Id +K (and of their Fredholm determi- 
nants) are analogous to the properties of finite-dimensional linear operators (and of 
their determinants). 

In some cases an elliptic PDO A has a well-defined zeta-regularized determinant 



det c (A) = exp (-d/d s ( A (i 
where Ca( s ) is a zeta-function of A. Such zeta-regularized determinants were invented 



by D.B. Ray and I.M. Singer in their papers ||Ra|| , |[RS1|| . They were used in these 
papers to define the analytic torsion metric on the determinant line of the cohomol- 
ogy of the de Rham complex. This construction was generalized by D.B. Ray and 
I.M. Singer in |[RS2|| to the analytic torsion metric on the determinant line of the 
<9-complex on a Kahler manifold. 

However there was no definition of a determinant for a general elliptic PDO until 
now. The zeta-function (a{s) is defined in the case when the order d(A) is real and 
nonzero and when the principal symbol aa(x, £) for all x G M, £ G T*M, £ ^ 0, has 
no eigenvalues A in some conical neighborhood U of a ray L from the origin in the 
spectral plane U C C 3 A. 

But even if zeta-functions are defined for elliptic PDOs A, B, and AB (so in 
particular, d(A), d(B), d(A) + d(B) are nonzero) and if the principal symbols of 
these three operators possess cuts of the spectral plane, then in general 

det(AB) ^ det(A) det(B). 

It is natural to investigate algebraic properties of a function 

F(A, B) := det(AB) /(det(A) det(B)). (1.3) 



4 



MAXIM KONTSEVICH AND SIMEON VISHIK 



This function is defined for some pairs (A, B) of elliptic PDOs. For instance, F(A, B) 
is defined for PDOs A, B of positive orders sufficiently close to self-adjoint positive 
PDOs (with respect to a smooth positive density g on M and to a Hermitian structure 
h on a vector bundle E, A and B act on T(E)). 1 (In this case, zeta-functions of A, 
B and of AB can be defined with the help of a cut of the spectral plane close to R_. 
Indeed, for self-adjoint positive A and B the operator AB is conjugate to A 1 I 2 BA 1 I 2 
and the latter operator is self-adjoint and positive.) 

Properties of the function F(A, B), (1.3), are connected with the following remark 
(due to E. Witten). Let A be an invertible elliptic DO of a positive order possessing 
some cuts of the spectral plane. Then under two infinitesimal deformations for the 
coefficients of A in neighborhoods U\ and U2 on M on a positive distance one from 
another (i.e., XJ\ fl U 2 — 0) we have 

5i<$ 2 logdet c (A) = -Ti (5 X A ■ A~ 1 5 2 A ■ A' 1 ) . (1.4) 

This equality is proved in Section |1.1| . Here, 5jA are deformations of a DO A in 
Uj without changing of its order. The operator on the right is smoothing (i.e., its 
Schwarz kernel is C°° on M x M). Hence it is a trace class operator and its trace is 
well-defined. Note that the expression on the right in (1.4) is independent of a cut 
of the spectral plane in the definition of the zeta-regularized determinant on the left 
in (1.4). 

It follows from (1.4) that logdet^A) is canonically defined up to an additional 
local functional on the coefficients of A. Indeeed, for two definitions, logdet((A) and 
logdet^(A), for a given A, we have 

5^2 (logdet c (A) - logdet' c (A)) = 0. (1.5) 

The equality d^F^A) = for deformations 5jA in Uj, U\ fl U 2 — 0, is the character- 
istic property of local functionals. 
It follows from (1.4) that 

f(A, B) :=logdet(AB) -logdet(A) -logdet(S) (1.6) 

is a local (on the coefficients of invertible DOs A and B) functional, if these zeta- 
regularized determinants are defined. Namely, if SjA and SjB are infinitesimal vari- 
ations of A and of B in Uj, j = 1, 2, U\ fl U2 = 0, then 

5 1 8 2 f(A,B) = 0. (1.7) 



1 The explicit formula for F(A, B) in the case of positive definite commuting elliptic differential 



operators A and B of positive orders was obtained by M. Wodzicki Kas|. For positive definite 
elliptic PDOs A and B of positive orders a formula for F(A, B) was obtained in |FY]]. However it 
was obtained in another form than it is written and used in the present paper. The authors are very 
indebted to L. Friedlander for his information about the multiplicative anomaly formula obtained 
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This equality is deduced from (1.4) in Section |1~T . 

For some natural class of classical elliptic PDOs acting in sections T(E) of a vector 
bundle E over an odd-dimensional closed M, their determinants are multiplicative 
(Section |), if operators are sufficiently close to positive definite ones and if their 
orders are positive even numbers. The operators from this (odd) class generalize 
differential operators. 

As a consequence we can define (Section |4j) determinants for classical elliptic PDOs 
of order zero from this natural (odd) class. Such determinants cannot be defined 
through zeta-functions of the corresponding operators because the zeta-function for 
such an operator A is defined as the analytic continuation of the trace Tr(A~ s ). 
However the operator A~ s for a general elliptic PDO A of order zero is not of trace 
class for any s G C. 2 Also such a determinant cannot be defined by standart methods 
of functional analysis because such an operator A is not of the form Id +K, where 
K is a trace class operator. Nevertheless, canonical determinants of operators from 
this natural class can be defined. Here we use the multiplicative property for the 
determinants of the PDOs of positive orders from this natural (odd) class of operators 
(on an odd-dimensional closed M). 

This determinant is also defined for an automorphism of a vector bundle on an 
odd-dimensional manifold acting on global sections of this vector bundle. (Note that 
the multiplication operator by a general positive smooth function has a continuous 
spectrum.) The determinant of such an operator is equal to 1 (Section^). 

A natural trace Tr(_i) is introduced for odd class PDOs on an odd-dimensional 
closed M. A canonical determinant det(_i)(A) for odd class elliptic PDOs A of 
zero orders with given a(\ogA) is introduced (Section px^) with the help of Tr(_i). 
The determinant det(_i)(A) is defined even if log A does not exist. This det(_i)(A) 
coincides with the determinant of A (defined by the multiplicative property), if A 
sufficiently close to positive definite self-adjoint PDOs (Section |6.3|) . 

Let D u be a family of the Dirac operators on an odd-dimensional spinor manifold M 
(corresponding to a family (h u , V u ) of Hermitian metrics and unitary connections on 
a complex vector bundle on M). As a consequence of the multiplicative property we 
obtain the fact that det (D Ul D U2 ) is a real number for any pair (m, U2) of parameters 
and that this determinant has a form 

det (D U1 D U2 ) = e (ui) e (u 2 ) (det (D 2 Ul )) 1/2 (det (D 2 U2 )f /2 

for any pair of sufficiently close parameters (1*1,^2)- The factor e(u) = ±1 on the 

2 Such an operator is defined by the integral (i/2n) J r A^* (A — A) 1 d\, where T := Trj is a 
smooth closed contour defined as in (2.30), (2.31) and surrounding once the spectrum Spec(A) of 
A (Spec (A) is a compact set) and oriented opposite to the clockwise, A^j is an appropriate branch 
of this multi-valued function. Here, R is such that SpeCj4 lies inside {A: |A| < R/2} and 9 is an 
admissible cut of the spectral plane for A and A^ := exp ( — s log^ A) , 8 — 2ir < Im(log( 9 ) A) < 8. 
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right is a globally defined locally constant function on the space of invertible Dirac op- 
erators according to the Atiyah-Patody-Singer formula for the corresponding spectral 
flows. 

Absolute value positive determinants | det \A for all elliptic operators A from the 
odd class on an odd-dimensional manifold M are defined as 

(|det|A) 2 = det {A* A). 

They are independent of a smooth positive density on M (and of a Hermitian struc- 
ture on E). It is proved (in Section |4.5| ) that (| det \ A) 2 has a form |/(A)| 2 , where 
f{A) is a holomorphic multi- valued function on A. We call it a holomorphic deter- 
minant. The monodromy of f(A) (over a closed loop) is multiplying by a root of 1 of 
degree 2 m , where m is a non-negative integer bounded by a constant depending on 
dimM only (Section |4.5|) . 

The algebraic interpretation of the function F(A,B), (1.3), in the general case is 
connected with a central extension of the Lie algebra Si og (M, E) consisting of symbols 
of logarithms for invertible elliptic PDOs Ellg (M, E) C U a CL a (M, E),aeC. (The 
principal symbols of elliptic PDOs from EIIq (M, E) restricted to S*M are homotopic 
to Id.) The algebra S\ og (M, E) is spanned as a linear space (over C) by its subalgebra 
CS°(M,E) of the zero order classical PDOs symbols and by the symbol of log A. 
Here, A is any elliptic PDO with a real nonzero order such that its principal symbol 
admits a cut of the spectral plane along some ray from the origin. 

The logarithm of the zeta-regularized determinant det(g) A for an elliptic PDO 
A admitting a cut = {A: argA = 9} of the spectral plane C is defined as 3 

exp (— Ca,(0)(O))- There is a more simple function of A than C'a,(9)(^)- That is the 
value Ca,(0)(O) at the origin. In the case of an invertible linear operator A in a 
finite-dimensional Hilbert space H we have Ca,(0)(O) = dim if. So Ca,(6»)(0) is a reg- 
ularization of the dimension of the space where the PDO acts. It is known that 



Ca, (e)(0) is independent of an admissible cut Lm\ ( |[Wol| , |[Wo2|| ). However in gen- 
eral Ca,(0)(O) depends not only on (M, E) but also on the image of the symbol cr(A) 
in CS° , (M,E)/CS a - n - 1 (M,E), a := ordA, n := dimM. If H is finite-dimensional, 
then Ca(0) = dim if is constant as a function of an invertible A e GL(H). Let invert- 
ible PDOs A and B of orders a and (3 be defined in T(M, E), let a, (3, a+/3 G M x , and 
let there be admissible cuts 9a, 9b, and 9ab of the spectral plane for their principal 
symbols a := a a (A), b := ap(B), and for a a+ p(AB) = ab. Then the function 



is additive, 



Z(a{A)) :=-<i(0) 



Z(a(AB)) = Z (a(A)) + Z (a(B)) . (1.9) 



3 Here, C'(0) : — d s ((s)\ s= o. The zeta-function is defined as the analytic continuation of the series 
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The function Z (a (A)) = —a (Ca(0) + h (A)), where h (A) is the algebraic multiplic- 
ity of A = for an elliptic PDO A G EQ%(M,Ef) C CL a (M, E), was introduced by 
M. Wodzicki. He proved the equality (1.9). The function Z(a(A)) was defined by 
him also for zero order elliptic symbols o~{A) G SE11q(M, E) which are homotopic to 
Id. For such cr(A) this function coincides with the multiplicative residue 

r x (a (A)) = res (a _1 (t)a(t)) dt, (1.10) 

where a(t) is a smooth loop in SE11°(M,£) from a(0) = Id to a(l) = a(A). The 
integral on the right in (1.10) is independent of such a loop. This asssertion follows 
from the equality which holds for all PDO-projectors P G CL°(M, E), P 2 = P, 

resP = 0. (1.11) 

Reverse, the equalities (1.11) are equivalent to the independence of (a, (e)(0) of an 
admissible cut for ordA ^ ( ||Wol|| ). The additivity (1.9) holds also on the space 



SEU° (M,E) (fKaj). Hence, the function ( A (0) as a function of a (log^ A^j , where A 
is an invertible PDO of order one, is the restriction to the affine hyperplane ordA = 1 
of the linear function — Z (cr(A)) on the linear space jcr (log^) Aj} =: S\ os (M } E) of 

the logarithmic symbols (defined in Section 

It occurs that (' A ^ (0) for ord A = 1 is the restriction to the hyperplane ord A = 1 
of a quadratic form on the space \og^(A). Hence the formula 

Tr(logA) = log(det(A)) 

(true for invertible operators of the form Id +K, where K is a trace class operator) 
cannot be valid on the space of logarithms of elliptic PDOs. (Here, we suppose that 
Tr(logyl) is some linear functional of log A.) 

We have an analogous statement for all the derivatives of Ca,(0)( s ) at s = 0. Namely 
for k G Z + U there is a homogeneous polynomial of order (k + 1) on the space of 
log^) A such that dg(A,(e)( s )\s=o f° r ordA = 1 is the restriction of this polynomial to 
the hyperplane ord A = 1 (Section ^) in logarithmic coordinates. 

These results on the derivatives dg(A,(e)(s)\ s=0 as on functions of log^A are ob- 
tained with the help of a new canonical trace TR for PDOs of noninteger orders 
introduced in Section For a given PDO A G CL d (M, E), d £ Z, such a trace 
TR(A) is equal to the integral over M of a canonical density a(x) corresponding 
to A. Polynomial properties of d^A^e) (s)|s=o follows from analytic properties of 
TR(exp(s/ + .Bo)) in s G C and in B G CL°(M, E) for s close to zero. Here, / is a 
logarithm of an invertible elliptic PDO A G E\\l(M,E). 

This trace functional provides us with a definition of TK-zeta- functions. These 
zeta-f unctions Cj R (s) are defined for nonzero order elliptic PDOs A with given families 
A~ s of their complex powers. However, to compute ( s o) (for soordA ^ Z) we do 
not use any analytic continuation. 
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The Lie algebra of the symbols for logarithms of elliptic operators contains as a 
codimension one ideal the Lie algebra of the zero order classical PDO-symbols. (We 
call it a cocentral one- dimensional extension.) This Lie algebra of logarithmic sym- 
bols has a system of one-dimensional central extensions parametrized by logarithmic 
symbols of order one. On any extension of this system a non-degenerate quadratic 
form is defined. We define a canonical associative system of isomorphisms between 
these extensions (Section ^]). Hence a canonical one-dimensional central extension 
is defined for the Lie algebra of logarithmic symbols. The quadratic forms on these 
extensions are identified by this system of isomorphisms. This quadratic form is 
invariant under the adjoint action. 

The determinant Lie group is a central C x -extension of the connected component 
of Id of the Lie group of elliptic symbols (on a given closed manifold M) . This Lie 
group is defined as the quotient of the group of invertible elliptic PDOs by the normal 
subgroup of operators of the form Id +/C, where K, is an operator with a C°° Schwartz 
kernel onMxM (i.e., a smoothing operator) and detir r (Id +/C) = 1. (Here, detp r is 
the Fredholm determinant.) It is proved that there is a canonical identification of the 
Lie algebra for this determinant Lie group with a canonical one-dimensional central 
extension of the Lie algebra of logarithmic symbols (Section ||). The determinant Lie 
group has a canonical section partially defined using zeta-regularized determinants 
over the space of elliptic symbols (and depending on the symbols only). Under 
this identification, this section corresponds to the exponent of the null-vectors of 
the canonical quadratic form on the extended Lie algebra of logarithmic symbols 
(Theorem |6.1| ). The two-cocycle of the central C x -extension of the group of elliptic 
symbols defined by this canonical section is equal to the multiplicative anomaly. So 
this quadratic C x -cone is deeply connected with zeta-regularized determinants of 
elliptic PDOs. 

An alternative proof of Theorem [D] without using variation formulas is obtained 
in Section |6.6| . This theorem claims the canonical isomorphism between the canonical 
central extension of the Lie algebra of logarithmic symbols and the determinant Lie 
algebra. 

The multiplicative anomaly F(A, B) for a pair of invertible elliptic PDOs of positive 
orders sufficiently close to self-adjoint positive definite ones gives us a partially defined 
symmetric 2-cocycle on the group of the elliptic symbols. We define a coherent system 
of determinant cocycles on this group given for larger and larger domains in the space 
of pairs of elliptic symbols and show that a canonical skew- symmetric 2-cocycle on 
the Lie group of logarithmic symbols is canonically cohomologous to the symmetric 
2-cocycle of the multiplicative anomaly (Section |6.4j ). Note that the multiplicative 
anomaly cocycle is singular for elliptic PDOs of order zero. 

The global structure of the determinant Lie group is defined by its Lie algebra 
and by spectral invariants of a generalized spectral asymmetry. This asymmetry is 
defined for pairs of a PDO-projector of zero order and of a logarithm of an elliptic 



DETERMINANTS OF ELLIPTIC PSEUDO-DIFFERENTIAL OPERATORS 



9 



operator of a positive order. This invariant depends on the symbols of the projector 
and of the operator but this dependence is global (Section [?p. The first variational 
derivative of this functional is given by an explicit local formula. 4 This functional is a 
natural generalization of the Atiyah-Patodi-Singer functional of spectral asymmetry 
APS3|| . The main unsolved problem in algebraic definition of the 
determinant Lie group is obtaining a formula for this spectral asymmetry in terms 
of symbols. 

The determinant Lie algebra over the Lie algebra of logarithmic symbols for odd 
class elliptic PDOs on an odd-dimensional closed M is a canonically trivial central 
extension. So a flat connection on the corresponding determinant Lie group is defined. 
Thus a multi-valued determinant on odd class operators is obtained. It coincides with 
the holomorphic determinant defined on odd class elliptic PDOs (Section |6.3| ). 

The exponential map from the Lie algebra of logarithms of elliptic PDOs to the 
connected component of the Lie group of elliptic PDOs is not a map "onto" (i.e., there 
are domains in this connected Lie group where elliptic PDOs have no logarithms at 
all). There are some topological obstacles (in multi-dimensional case) to the existence 
of any smooth logarithm even on the level of principal symbols (Section |6[). 

A canonical determinant det(A) is introduced for an elliptic PDO A of a nonzero 
complex order with a given logarithmic symbol a(logA). For this symbol to be 
defined, it is enough that a smooth field of admissible cuts 9(x, £), (x, £) £ S*M, for 
the principal symbol of A to exist and a map 9 : S*M —>■ S 1 = R/27rZ to be homotopic 
to trivial. This canonical determinant det(A) is defined with the help of any logarithm 
B (such that cr(B) = cr (log A)) of some invertible elliptic PDO. However det(A) is 
independent of a choice of B. The canonical determinant is defined in its natural 
domain of definition. The ratio 

d^A) / det(A) =: d (a(logA)) (1.12) 

depends on a (log A) only and defines a canonical (multi- valued) section of the de- 
terminant Lie group. This section is naturally defined over logarithmic symbols of 
nonzero orders (Section With the help of do(a(log A)) we can control the behavior 
of det(A) near the domain where a(logA) does not exist (Section ^3|) . The canoni- 
cal determinant det(A) coincides with the TR-zeta-regularized determinant, if log A 
exists. However det(A) is also defined, if a (log A) exists but log A does not exist. 

A determinant of an elliptic operator A of a nonzero complex order is defined 
(Section |]) for a smooth curve between A and the identity operator in the space of 
invertible elliptic operators. This determinant is the limit of the products of TR- 
zeta-regularized determinants corresponding to the intervals of this curve (in the 
space of elliptic operators) as lengths of the intervals tend to zero. This determinant 
is independent of a smooth parametrization of the curve. However, to prove the 
convergence of the product of TR-zeta-regularized determinants, we have to use the 



APS2], [ 



4 The same properties have Chern-Simons and analytic (holomorphic) torsion functionals. 
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non-scalar language of determinant Lie groups and their canonical sections. This 
determinant of A is equal to a zeta-regularized determinant, if the curve is A t , < 
t < 1 up to a smooth reparametrization. Such a curve exists in the case when any 
log A exists. For a product of elliptic PDOs (of nonzero orders) and for a natural 
composition of monotonic curves in the space of elliptic PDOs (corresponding to 
the determinants of the factors), this determinant is equal to the product of the 
determinants of the factors. 

Any logarithmic PDO-symbol of order one defines a connection on the determinant 
Lie group over the group of elliptic PDO-symbols. The determinant Lie group is the 
quotient of the Lie group of invertible elliptic operators. The image d\(A) of an elliptic 
operator A in the determinant Lie group is multiplicative in A. For any smooth 
curve St in the space SEHq of elliptic symbols from Id to the symbol cr(A) = s\t=i its 
canonical pull-back s t is a horizontal curve in the determinant Lie group from G?i(Id). 
Hence d\{A)/s\ defines a determinant (Section |8.1| ) for a general elliptic PDO A of 
any complex order (in particular, of zero order). This determinant depends on a 
smooth curve s t from Id to cr(A) in the space of symbols of elliptic PDOs without a 
monotonic (in order) condition. It does not change under smooth reparametrizations 
of the curve. 

For a given logarithmic PDO-symbol of order one (i.e., for a given connection) 
this determinant for a finite product of elliptic operators is equal to the product of 
their determinants. (Here, the curve in the space of elliptic symbols in the definition 
of the determinant of the product is equal to the natural composition of smooth 
curves corresponding to the determinants of factors.) There are explicit formulas for 
the dependence of this determinant on a first order logarithmic symbol (defining a 
connection on the determinant Lie group) and on a curve St (from Id to cr(A)) in a 
given homotopic class (Section |S.1|) . Its dependence of an element of the fundamental 
group t\\ (SEIIq) is expressed with the help of the invariant of generalized spectral 
asymmetry. In the case when s t is & (A 1 ) (up to a reparametrization), det( St )(A) is 
the zeta-regularized determinant corresponding to the log A definding A*. 

1.1. Second variations of zeta-regularized determinants. Let the zeta^regular- 
ized determinant det ? (A) of an elliptic DO A G Ell d (M, E), d e Z + , be defined with 
the help of a family A7A of complex powers of A. (Such a family is defined with the 
help of an admissible cut L(p) = {A: argA = 9} of the spectral plane, see Section^.) 
Then we have 

5, (-d s Tr (A~ s ) | s=0 ) = d s (s Tr (§ 1 A ■ A^A-)) \ s=0 . (1.13) 

The function Tr (5\A ■ A~ 1 A~ S ) is defined in a neighborhood of s = by the analytic 
continuation of this trace from the domain Res > dim M/d, d = ordA, where the 
operator (8±A ■ A~ 1 A~ S ) is of trace class. This analytic continuation has a simple 
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Res s=0 Tr (8 X A ■ A~ l A~ t 



res 



(M • A' 1 ) /d, 



where res is the noncommutative residue ||Wol|| , ||Wo2 |. However at s = the function 
d s (sTi (5 X A ■ A~ l A~ s )) is holomorphic. 

The second variation 5 2 5idet^(A) can be written (by (1.13)) in the form 

<5 2 ftdet c (A) = d s is— Tr / X~ {s+1) 8 X A (A - Xy 1 5 2 A (A - Xy 1 dX) . (1.14) 
\ 2m Jr m J 

(Here, is the simple contour surrounding an admissible cut L(p), see Section 0, 
(2.1).) The operator S X A (A — A)" 1 8 2 A is smoothing (since its symbol is equal to 
zero as U x H U 2 — 0) and its trace-norm is uniformly bounded for A G T^), |A| — > 00. 

The operator norm (A — A) 1 in L 2 (M, E) is O f (1 + |A|) 1 J for A G T^). Hence 

(2) v / 

the trace-norm of S X A (A - A)" 1 5 2 A (A - A)" 1 is O ((1 + |A|) _1 ) for A G r (e) , and 
for s close to zero we have 



Tr 



X~ (s+1) 5 1 A (A - X)' 1 5 2 A (A - Xy 1 dXj = 

= { X- {s+1) Ty(5 1 A(A- Xy 1 5 2 A(A- Xy 1 ) dX. (1.15) 



The function Tr \ b\A (A — A) 1 5 2 A (A — A) j is holomorphic (in A) inside the con- 
tour T^). Hence we can conclude from (1.14), (1.15) that 

S 2 S x det c (A) = - Tr (8 X A ■ A~ 1 5 2 A ■ A' 1 ) , (1.16) 

and the formula (1.4) is proved. □ 

Let us deduce from (1.16) the equality 5i5 2 f(A,B) = 0. Here, f(A,B) (given by 
(1.6)) is the logarithm of the multiplicative anomaly (1.3). 

By (1.4) we have 

5i5 2 (log det (AB) - log det (A) - log det (B)) = -Tr (5 X (AB) (ABy l 5 2 (AB) (ABy 1 ) + 
+ Tr (6 X A ■ A~ 1 5 2 A ■ A' 1 ) + Tr (5 X B ■ B~ x b 2 B ■ B^ 



Tr (A5 X B ■ B- L 5 2 B ■ B~ l A^ 

- Tr (S X AS 2 B ■ B^A- 1 ) - Tr (aS x B ■ B- 1 A~ 1 6 2 A ■ A" 1 ) . (1.17) 



Tr (8 X B ■ B~ L 5 2 B ■ B 



The operator A5\B ■ B l 5 2 B ■ B 1 is a smoothing operator in T(E) (since its symbol 
is equal to zero because U x D U 2 — 0). Hence it is a trace class operator and 

Tr (A5 x B ■ B- x b 2 B ■ B^A- 1 ) = Tr (S X B ■ B~ x b 2 B ■ B' 1 
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By the analogous reason we have 

Tr (A5 X B ■ B- 1 A- 1 5 2 A ■ A' 1 ) = Tr (SxB ■ B- 1 A- l 5 2 A) . 

Since 5\B ■ B~ 1 A~ 1 5 2 A is a smoothing operator with its Schwarz kernel equal to zero 
in a neighborhood of the diagonal M M x M (because U\ D U 2 — 0), we see that 

Tr (M X B ■ B- 1 A- 1 5 2 A ■ A" 1 ) = 0. 

Hence the equality (1.7) is deduced. □ 

2. Determinants and zeta-functions for elliptic PDOs. 
Multiplicative anomaly 

Let a classical elliptic PDO A G EUj(Af, E) C CL d (M, E) be an elliptic operator 
of a positive order d = d(A) > such that its principal symbol aa(x, £) has no 
eigenvalues in nonempty conical neighborhood A of a ray Lm = {A G C, arg A = 9} 
in the spectral plane C. Suppose that A is an invertible operator A: H( 3 \(M, E) — > 
H( s -j)(M, E), where if( a ) are the Sobolev spaces ( |[H.o2|| , Appendix B). Then there 



are no more than a finite number of the eigenvalues A of the spectrum 5 Spec (A) in 
A. Let L(q) be the ray in A G C such that there are no eigenvalues A G Spec(v4) with 
arg A = 9. Then the complex powers A z ^ of A are defined for Re z<^0 by the integral 

A to)--=^L ^(A-Xy'dX, (2.1) 



(») 



where is a contour Ti t e(p)UTo t 0(p)\JT2 t e(p), ^i,e(p) '■ —{X — xexp(i9), J roo>x>p}, 
T 0td (p): = {\ = p exp(i(f), 8 >(f>6 -2n} , T 2fi (p): = {\ = xexpi(8-2Tc), p<x< +oo}, 
and p is a positive number such that all the eigenvalues in Spec (A) are outside of 
the disk D p := {A: |A| < p}. The function A 2 on the right of (2.1) is defined as 
exp(zlog A), where 9 > Imlog A > 9 — 2n (i.e., Imlog A = 9 on r^, Imlog A = 9 — 2tt 
on r 2 ,e). For Rez-CO the operator Afy defined by the integral on the right of (2.1) 
is bounded in Ht s \(M, E) for an arbitrary sGK (as the integral on the right of (2.1) 
converges in the operator norm on H( S )(M, E)). Families of operators Afy depend 
on (admissible) 9. 

For —k G Z + the operator A7gt coincides with (A~ 1 ) k ( |Sh|| , Ch. II, Proposi- 
tion 10.1). Operators A z , e \ are defined for all z G C by the formula 

Afa = A'A^, (2.2) 

where z — k belongs to the domain of definition for (2.1) and where A^7 h are defined 



by (2.1). It is proved in [pe]| , Theorem 1, and in |Sh|| , Ch. II, Theorem 10.1. a, that 



5 A is an invertible elliptic PDO of a positive order. Hence ^ Spec(^4) and Spec(A) is discrete, 
i.e., it consists entirely of isolated eigenvalues with finite multiplicities (jS^j, Ch. I, § 8, Theorem 8.4). 
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the operator A*Ls defined by (2.2) is independent of the choice of k and that (2.2) 
holds for all k G Z for the family A z , e \ . The operators Afo for Re z < k G Z form a 
family of bounded linear operators from H^(M, E) into H( s _ d (A)k)(M, E). 

The operator A?m is a classical elliptic PDO of order zd(A), Af e) G Ello d(A) (M, £). 
Its symbol 

E (2-3) 

jez+uo 

is defined in any local coordinate chart U on M (with a smooth trivialization of E\u). 
Here, d := c£(A) and b z zd _ j8 (x,t,^) = t zd ~ j b z zd _ je (x, £) for t G K+ (i.e., this term is 
positive homogeneous of degree dz — j). This symbol is defined through the symbol 

b{x, £, A) = J] A) (2.4) 



uo 



of the elliptic operator (A — A) . The term b- d -j(x, £, A) is positive homogeneous in 
(£> A 1 ^) of degree — (d+j). (The parameter A in (2.4) has the degree d = d(A).) The 
symbol b(x, £, A) is defined by the following recurrent system of equalities (a(x,£) := 
J2z+uo a -d-j(x,0 is the symbol of A, D x := i~ l d x ) 



b-d(x,£, A) := (a d - A) 1 , 

- d -i(x, £, A) := (a d -\b- d + 53 d^a d D Xi b^ 



b- d -j(x,£, A) := 53 — } d^a d -iD^b-d-i, 

\a\+i+l=j 



(2.5) 



i.e., (a(x, £) — A) o b(x,(,, A) = Id, where the composition has as its positive homoge- 
neous in A 1//d ) components 

E "Vf f , X)D^ d -i(x, £, A). 

a|+fc+Z=const 

Here, a d _ k (x,^, A) := a d _ fc — <5fc j0 AId. The terms fr-d-j are regular in (x,£, A), £ 7^ 0, 
such that the principal symbol (a d — A Id) is invertible. 6 



6 The operators (A — A) 1 and A — A in general do not belong to the classes CL d (M, E; A) and 
CL d (M, E; A) ([Sh], Ch. II, § 9) of elliptic operators with parameter. Here, A is an open conical 



neighborhood of the ray Ltg\ = {A: argA = 9} in the spectral plane such that all the eigenvalues 
of the principal symbol a</(x,£) of A do not belong to A for any (x, £) G T*M, £ 7^ 0. For a 
general elliptic PDO A G CL d (M, E), d > 0, of the type considered above and for an arbitrary 
j > d there are no uniform estimates in £ G T*M, A G A, (£, A) 7^ (0,0) of |6_d-j(x, £, A) through 
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If Rez < 0, the formula for 6fo(x,f) is (|3J, Ch. II, Sect. 11.2) 7 

Kd-tfM = TT I ^e ) b- d - j (x,^X)d\. (2.6) 

Z7T "T (S ) 

For Re z < k the symbol bfa (x,£) is defined as the composition of classical symbols 8 

a k (x,Z)ob z (e) k (x,0=:b z (e) (x,0, (2.7) 

where a fc (x,£) = J2j^z + uo a kd-j( x ^0 * s the symbol of PDO The composition on 
the left in (2.7) is independent of the choice of k > Rez, k G Z ( ||Sh|| , Ch. II, Theo- 
rem 11.1. a). The components b z zd _j(x,^) of the symbol of A z are the entire functions 
of z coinciding with CLkd-j{ x iO for z = A; G Z ( |[Sh|| , Ch. II, Theorem ll.l.b,e). 

The log«\ A is a bounded linear operator from H^(M, E) into H( s ^ e ^(M, E) for 
an arbitrary e > 0, s 6 K. This operator acts on smooth global sections / G T(E) as 
follows 

(tog^)/:^,^/)^. (2.8) 

For arbitrary k G Z and s G R operators A z is a holomorphic function of z from 
Rez < k into the Banach space L (h {s) (M, E), H {s _ kd) (M, £)) of bounded linear 
operators, d = g?(A) ( |5rj|1 , Ch. II, Theorem lO.l.e). Hence, the term on the right in 
(2.8) is defined. The symbol of the operator log™) A is 

*(]og {g) A)=dJfy(x,t)\ M ^:= £ ^(».0U (2-9) 

jez+uo 

The operator A^| 2=0 is the identity operator. Hence its symbol b z ^(x,^)\ z= o has as 
its positive homogeneous components 

b z zd _ hd {x^)\ z=0 = 5 hQ U. (2.10) 

We see from (2.10) that 

^ d) ,(^e)u=o = ^)iogieiid+^ di ,(x,e/iei)u=o, 

d z b z zd _ he (x,0\ z =o = \C\- j d z bl d _ j7d (x,Cm)U=oioTj > 1. 

hold in local coordinate charts (U,x) on M. Here, |£| is taken with respect to some 
Riemannian metric on TM (and hence on T*M also). The term d z b z zde (x, £/|£|) on 
the right in (2.11) is an entire function of z positive homogeneous in £ of degree zero. 

C(|e| + |A| 1/d )" d " J and of lo^-foOl through Ci + |A| 1/d )^. 
7 Here, A^ := exp ^zlog^-, Xj , where 9 — 2n < Imlog^) A < 9. 

8 The composition a o 6 of the classical symbols a = a^-j and 6 = £^ b m -j is a o b — 
Y,( aob )m+d-j, where a o 6 := £j {al)- 1 d£a(x, £,)D*b(x, £). 
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By analogy, d z b* d _j e (x,£/\£,\) is an entire function of z positive homogeneous in £ of 
degree zero. So the symbol of log^ A locally takes the form 

^ } (a;,OU:=log|£|Id+ E c-jfiM, (2.12) 

jez+uo 

where c^x, £) := d z b z zd _^ g (x, £/|£|) is a smooth function on T*M \ i(M) pos- 
itive homogeneous in £ of degree (— j). (Here, i(M) is the zero section of T*M.) 

The equality (2.12) means that in local coordinates {x, £) on T*M the symbol of 
log(0) A is equal to d(A)log|£|Id plus a classical PDO-symbol of order zero. The 
space S\ og (M, E) is also the space of symbols of the form 

a = k\og {e) A + (T , (2.13) 

k G C (for an arbitrary elliptic PDO A G CL d (M, E) of order d > and such that 
there exists an admissible cut Lig\ of the spectral plane C 3 A). Comparing (2.12) 
and (2.13) we see that the space Sy og (M,E) does not depend on Riemannian metric 
on TM and on A and L($y 

The zeta-regularized determinant det(#) A is defined with the help of the zeta- 
function of A. This function Ca,(0)( z ) * s defined for Kez > dim M/d(A) as the trace 
Tr [A^] of a trace class operator 9 A^ e y (Here, d(A) > 0.) This operator has a 
continuous kernel on M x M for Rez > dim M/d( A). The Lidskii theorem |Ej 



KI|, JReSJ, XIII. 17, (177), Chapter 3, [|EPJ, ]R§, XI, claims that for such z the 
series of the eigenvalues of A7m is absolutely convergent and that the matrix trace 

Sp (A(q* J := X) fA^e^ ejj of is equal to its spectral trace 10 



Tr (A 



= E V- ( 2 - 14 ) 

AeSpec(.4) 

Here, (e^) is an orthonormal basis in the Hilbert space L 2 (M,E) (with respect to a 
smooth positive density fi on M and to a Hermitian metric h on E). A bounded 
linear operator in a separable Hilbert space is a trace class operator, if the series in 
the definition of the matrix trace is absolutely convergent for any orthonormal basis. 



In this case, the matrix trace is independent of a choice of the basis, |[Krj| , p. 123. 
Thus for Kez > dim M/d(A) the matrix trace of A7£ is independent of a choice of 
the orthonormal basis (e$). The Lidskii theorem claims (in particular) that this trace 



9 A bounded linear operator B acting in a separable Hilbert space is a trace class operator, if the 
series of its singular numbers (i.e., of the arithmetic square roots of the eigenvalues for the self-adjoint 
operator B*B) is absolutely convergent. The operator A^j is a PDO of the class CL~ zd (M, E) with 



Ke(zd) > dimA/. Hence it has a continuous kernel ([Sh], Ch. II, 12.1) and this kernel is smooth of 
the class C k (k e Z+) on M x M for Re{zd) - k> dimM. 

10 Here, the sum is over the eigenvalues Xi of AT^t, including their algebraic multiplicities 

Ch. 1, § 5.4), the function is defined as exp ^— zlog^ Xj , — 2ir < ImQog^ A) < 9. 
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is independent also of /x, and of h. Hence for Re z > dim Mj d(A) the zeta- function 
Ca,{6){ z ) is equal to the integral of the pointwise trace of the matrix- valued density 
on the diagonal A: M M x M defined by the restriction to A(M) of the kernel 

A- t>e (x,y) of Ay*. 

The zeta-function Ca,(o){ z ) possesses a meromorphic continuation to the whole com- 
plex plane C 3 z and Ca,(0){ z ) * s regular at the origin. The determinant of A is a 
regularization of the product of all the eigenvalues of A (including their algebraic 
multiplicities). The zeta-regularized determinant of A is defined with the help of the 
zeta-function 11 Ca,(0)( z ) °f A as follows 

det {e) A := exp (-<9 z Ca,(0)(»U=o) • (2.15) 



Remark 2.1. Note that if an admissible cut Lr^ of the spectral plane crosses a finite 
number of the eigenvalues of A, then det (g)(A) does not change. Let A possess two es- 
sential different cuts 9\, 9 2 of the spectral plane, i.e., in the case when there are infinite 
number of eigenvalues A G Spec(A) in each of the sectors A 1 := {A: Q\ < argA < 9 2 }, 
A 2 : = {A: 9 2 < argA < Q\ + 2n}. Then in general det^(A) depends on spectral cuts 
Lig\ with 9 = 8j. 

Remark 2.2. If the determinant (2.15) is defined, then the order d(A) =: d of the 
elliptic PDO A G E11q(M, E) C CL d (M ) E) is nonzero. Also for the zeta-regularized 
determinant of A to be defined, its zeta-function has to be defined. So a holomorphic 
family of complex powers of A has to be defined. Hence the principal symbol a,n(A ) 
of some appropriate nonzero power A 1 of A (I G C x , A 1 G Ell* (M, E) C CL dl (M, E)) 
has to possess a cut of the spectral plane C 3 A. This condition is necessary for 

the holomorphic family (-A 1 ^ of PDOs to be defined by an integral analogous to 
(2.1). In this case, log^ (A') is defined. (Note that Id = lord A G 1R X .) Hence some 

generator log A := log^) jl of a family A z is also defined. Thus the existence of 
a family A z is equivalent to the existence of log A. 

On the algebra CS(M, E) (of classical PDO-symbols) there is a natural bilinear 
form defined by the noncommutative residue res ( ||Wol|| , ||Wo2|| or |[Kas|| ) 



( a > & )res = res(ao6). 

Here, a o b is the composition of PDO-symbols a, b. This scalar product is non- 
degenerate (i.e., for any a ^ there exists b such that (a, b) res 7^ 0) and it is invariant 



n In the case d(A) < the meromorphic continuation of (a.(9)( z ) ^ s done from the half-plane 
Rez < dim M/d(A) = — dim M/\d(A)\. (In this half-plane the series on the right in (2.14) is 
convergent.) 
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under conjugation with any elliptic symbol c G EH d (M, E) C CS d (M, E), i.e., Cd(x,£) 
is invertible for (x, £) G S*M. Namely 

(cac -1 , c6c -1 ) := res (ca&c -1 ) = res(afe) = (a, b) Ies . (2.16) 

Remark 2.3. The noncommutative residue is a trace type functional on the algebra 
CS • (M, E) of classical PDO-symbols of integer orders, i.e., res([a, b]) = for any 
a, b G CS Z (M, E). The space of trace functionals on CS (M, E) is one-dimensional, 
|Wo3|| . Namely for L := CS Z (M, E) the algebras with the discrete topology L/[L, L] 



and C are isomorphic by res. (Note also that res a = for a G CL d (M, E) of non- 
integer order d. So (a, 6) res = for orda + ord& ^ Z.) The invariance property (2.16) 
of the noncommutative residue follows from the spectral definition of res ([ Wo2[ , 
Kai| ). 



Proposition 2.1. Let A t G E11q(M, E), a G 1R X ; fca smooth family of elliptic PDOs 
and let B G E11q(M, E), /3 G M x , /3 7^ —a. Lei the principal symbols a a (A t ) and 
o~p{B) be sufficiently close to positive definite self-adjoint ones. 12 Set 

F(A,B) := det w (AB)/det w (A)det w (5). (2.17) 
Then the variation formula holds 

dJogF(A,5) = -(^(M~V( log ^^ ( 2 ' 18 ) 

Here, a cut L^) of the spectral plane 13 is admissible for A t , B, A t B and it is suf- 
ficiently close to £(.„■). The term o (log^) (A t Bfj /(a + (3) — a flog^ B) / (3 on the 
right in (2.1%) is a classical PDO- symbol from CS°(M,E). It does not depend on 
an admissible cut close to L^y Hence, the scalar product (, ) res on the right in 
^ 2.18 ^ is defined. The right side of (2.1%) is locally defined. 1 * 1 

Remark 2.4. The principal symbols a a+ p{A t B) are adjoint to o a+ f 3 (B 1 l 2 A t B 1 / 2 ^. 
The latter principal symbols are sufficiently close to self-adjoint positive definite 
ones. The function F(A, B) is called the multiplicative anomaly. 

First we formulate a corollary of this proposition. 



12 We suppose that a smooth positive density and a Hermitian structure are given on M and on 

E. 



13 Note that F (A t , B) is independent of L/^ by Remark 2.1. In general a cut Li^ depends on t. 



14 The symbols a ^log^ A^j , a (^A^ g ^j are locally defined for a PDO A of an order from M + with 
its principal symbol admitting a cut L(g) of the spectral plane. 
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Corollary 2.1. Let A and B be invertible elliptic PDOs AeE\\%{M,E) cCL a (M,E) , 
B G Eti.$(M,E) C CL^(M,E) such that a, (3, (a + (3) G M x and such that their 
principal symbols a Q (x, £) and bp(x,^) are sufficiently close to positive definite self- 
adjoint ones. Then the multiplicative anomaly is defined. Its logarithm is given by a 
locally defined integral 

log F(A, B) = - f dt(a (AAf 1 ) , a (log w (A t B)) /(a + /3) - 

JO 

- a (l°g(7f) (At)) / a ) TeB - (2-19) 

Here, A t := V^B^f , i] := AB^f G E\\° (M,E) C CL°(M,E). (In particular, we 
have A := B«lf , A x := A, F (A , B) = l.) 

The expression a flog^ (A t B) \ /(a + (3) — a flog^ (A)) /a on the right in (2.19) 

is a classical PDO-symbol from CS°(M, E). Thus the integral formula for the multi- 
plicative anomaly has the form 

logF(A B) = - f 1 dt(a (log w v) , ° (log w (vUB^ W )) /(a + 0) - 

J 

-^(log W fe^ //3 ))/«) res - (2-20) 

Operators log ^ r] and rf^ are defined by (2.3Q) and (2.31) below. 

The proof of Proposition |2.1| is based on the assertions as follows. 

Proposition 2.2. Let Q be a PDO from CL°(M,E) and let C,A be PDOs of real 
positive orders sufficiently close to self-adjoint positive definite PDOs. Then the 
function 

P(s) = Cc,(*)(Q; s) - (a,w(Q; s) := Tr (Q (C^ mAC - A^ 0ldA )) 

has a meromorphic continuation to the whole complex plane C 3 s. The origin is 
a regular point of this function. Its value at the origin is defined by the following 
expression through the symbols o~(A), o~{C), a(Q) 

( a (log w C) a (log m A) \ 

\ / res 

The same assertions about P(s) and P(0) are also valid for Q G CL m {M, E), m G Z. 

Proposition 2.3. Under the conditions of Proposition ^2^ , the family of PDOs 

K s := -Q (q s /)° rdC - 4)° rdA ) h G CL S (M, E) (2.22) 
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Corollary 2.2. The pointwise trace on the diagonal tr K s (x,x) of the kernel K s (x,y) 
of K s is a density on M for Res < — dimM. This density has a meromorphic 
continuation from s < — dimM to the whole complex plane C 3 s. The residue of 
this density at s = is equal to 



Res s=0 trK s (x,x) =tr[-Q [Cl 



is/ ord C 
'(if) 



as/ ord A 



— res r a 



Q 



s I ord C 
(*) 



- A 



s=0 
s I ord A 



[x,x) 



s=0 



res x a Q 



log m C log m A 



ordC 



ord A 



;2.23) 



where res x is the density on M corresponding to the noncommutative residue [|Wo2 
|[Kasl . These assertions follows immediately from Proposition [3.4| below. 16 



Remark 2.5. The formula (2.21) follows from (2.23) since 

P(0) = -Res s=0 Tr^. 



Proof of Proposition |2.1| . The variation d t logP (A t , 5) is 

d t \ogF{A u B) = d t (-d s C At B^)(s)\ s=0 + d s ( At> *(s)\ s=0 ) . (2.24) 

For Res ^> 1 the operators (A t B)7~y and A7f^\ are of trace class. For such s these 
operators form smooth in t families of trace class operators. By the Lidskii theorem 
we have for such s 



(A, (#)) — X! (A,(*) e *' e * 



(2.25) 



where is an orthonormal basis in L 2 {M,E). (Here, we suppose that a smooth 
positive density on M and a Hermitian structure on E are given.) For Re s > 1 we 
have 



d t Tr(A^ ) )=TT(d t A- s {jT) ). 



(2.26) 



15 This family of PDOs is holomorphic in the sense of Gu|, Sect. 3, (3.17), (3.18). 

16 This proposition claims that analogous assertions are true for any holomorphic (in a weak sense) 
family of classical PDOs. The proof of this proposition is based on the notion of the canonical trace 
for PDOs of noninteger orders introduced in Section || (below) . 
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Indeed, ^ is a smooth (in t) family of trace class operators. So is a trace 

class operator. Hence the series 

i i 

is absolutely convergent. Thus the series on the right in (2.25) can be differentiated 
term by term ( ||WW]| , Chapter 4, 4.7) and the equality (2.26) follows from (2.25). 
For Re s 3> 1 the equalities hold 



[2.27) 



d t Ti((A t B)^) = (- a )Tr((M _1 ) 

^Tr (A-^ = (s) Tr ((M" 1 ) • 
(Here, v4 4 is defined as d{A t .) Indeed, for such s we have 

9t Tr (A-)) = Tr ("^ / (A " A)" 1 A (A - A)" 1 d\) = 
= Tr(-^-J r J-°( dx (A t -Xr) d XA t y 

= (s) Tr I A-( s+1 > (A t - A)" 1 dA^) = 

= {-a) Tr (A;}^A t ) = (s) Tr (M -1 ^*)) ■ ( 2 - 2 §) 

The zeta-function lAT/^) =: (A t ,(i)( s ) nas a meromorphic continuation to the 
whole complex plane C 3 s and s = is a regular point for this zeta-function. 
So (— s) Tr ^AtA^A^-^ also has a meromorphic continuation with a regular point 
s = 0. Hence the equality holds 

d s (s Tr (M^Tf*))) L =0 = ((1 + Tr (A^A^)) |^ (2.29) 

and the meromorphic function on the right is regular at s = 0. 

The formula (2.18) is an immediate consequence of (2.24), (2.27), (2.29), and of 
(2.21). In (2.21) A t At l is substituted as Q. Proposition |24] is proved. □ 
Proof of Corollary |2.1| . 1. If the principal symbols a a , bp of A, B are sufficiently 
close to positive definite self-adjoint ones, then the principal symbol a a (bp)7^ of rj 
possesses a cut along R_. If all the eigenvalues of bp are in a sufficiently narrow 
conical neighborhood of WL + , then the principal symbol (a a (pp)^)^) (bp)^ of 
r]*~)B?~f possesses for all < t < 1 a cut of the spectral plane. 17 



17 



This symbol is independent of a choice of an admissible cut L(ja close to L(~y 
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Set A t := ?fei? ( tf- Then A = B$ , F (A , B) = 1, A x = A, F{A U B) = 
F(A,B). We can use the variation formula of Proposition and the equalities 

(2.24), (2.27). Note that the operator A t At X = d t (^)) (^)) is ec l ual to lo S(s) V- 
Here, log^) i]ECL (M, E) is the operator 

±- I log^A-^-A)- 1 ^, 7f-27r<Imlog w A<7f, (2.30) 
T R $ is the contour r ljjR ^(e) U r ,*(e) U T 2 ,R,^{e) U T R , where 

r x ^^(e:) := {A+xexp(i7r), R>x>e} , ^2,R,n(^) := {A = xexp(i(7T — 27r)), e<x<R} , 
rV-s-^) : = {A = e exp(iyj), 7T > ip > n — 2ti} , 

and r fi is the circle |A| = R, A = i?exp(zy?), oriented opposite to the clockwise 
(7r — 2tt < ip < fr) and surrounding once the whole spectrum in L 2 (M,E) of the 
bounded operator r\ e CL°(M, E). The radius £ > is small enough such that this 
spectrum does not intersect the domain {A, |A| < e}. We have log^r] = d t r]^- 
where 



)|t=0; 



^■■=^J r A^-A)- 1 ^. (2.31) 



The spectrum of elliptic PDO r] is compact. The operator log^) rj is a classical PDO 
from CL°(M, £). The symbol a (log (ff) rj) G CS°(M, £7) is equal to (i/27r) J r+ log A ■ 

cr ((77 — A) _1 J <iA. Here, a ((77 — A) -1 ^ is a classical PDO-symbol from CS°(M, E), 
the principal symbol ao(r])(x, £), £ 7^ 0, has all its eigenvalues in the half-plane 
C + := {A: Re A > 0} and T + is a contour in C + oriented opposite to the clockwise 
and surrounding once the compact set U(x,^)eS*M Spec (ao(r])(x, £)) C C+. 

Hence, if the function Tr (Q t ([A t B)^ — A^-Aj for Q t := AtA^ 1 has an analytic 
continuation to the neighborhood of the origin and if s = is a regular point of this 
analytic function, then we have from (2.24), (2.27), (2.29) 



d t log F (A t , B) = -d t d s (Tr (A t B) J - Tr Afa - Tr B$ 
= (^^^^((log^^) ((^i?)^-^^)) I^^Tr^log^ry) ((^i?)^ 



s=0 

)// s=0 

l + ^TrfAVf^^-Tr^f)) (2.32) 



s=0 



By Proposition |24] we have for < t < 1 
ddogF^SH-^log^T^ 
Thus Corollary |2J] is proved. □ 
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Remark 2.6. Let A t £ EIIq (M, < £ < 1, be a smooth family of invertible elliptic 
PDOs of order a £ 1R X such that the principal symbols a t)0l of A t are sufficiently close 
to positive definite ones. Let B £ EIIq (M, E) have a real order /3 7^ —a and let the 
principal symbol bp be sufficiently close to positive definite self-adjoint one. Let A 
be a power of B, A = B?~? . Set A := A\. By Proposition ^4] the multiplicative 
anomaly of (A, B) is given by the locally defined integral 

log F{A, B) = - jT 1 df (<r(Q t ), * (log (if) (A t S)) /(« + /?)- 

-a^g^A^/a)^. (2.34) 

Here, Q t := AtA^ 1 £ CL°(M, E). Its symbol cr (Q t ) is locally defined in terms of 
cr (A t ). The right side of it is the integral of the locally defined density on M. This is 
a formula for the multiplicative anomaly corresponding to a general smooth variation 
between B?~? and A. 



Remark 2.7. The assertions of Proposition |2^ that P(s) is regular at s = and that 



there exists a local expression for P(0) is the contents of Lemma 4.6 in |M. Propo- 



sition 2.2 is a consequence of Proposition 2.3, of Corollary 2.1, and of Remark 2.5 



Proof of Proposition |2.3| . The symbols a (C°l° rdC ^J and a (^A s ^° rdA ^j at s = 
are equal to Id. These symbols are entire functions of s £ C (i.e., all the homoge- 
neous terms of <j(K s ) are entire functions of s £ C in any local coordinates on M.) 
The family of PDOs C(ji) := C^° ldC £ E11 X C CL^(M,E) is holomorphic in the 
sense of ||Gu|| , (3.18). The latter means that for PDOs Cfc(/i) := C{p) — PkC(fi) £ 
CL^ k (M, E) as 5 -> we have 

(C fc (/i + 5) - C fc (//)) /<$ - C^/i)!^ - (2.35) 

for s > Re/j — k. (Here PkC(fi) £ CL^(M,E) are the PDOs defined by the image 
of a(C(n)) in CS^(M, E) /CS^ k ~ l (M, E) and by a fixed partition of unity on M 
subordinate to a fixed local coordinates cover of M.) In (2.35) \\-\\^ is the operator 
norm from H^(M, E) into Li{M, E) of the operator defined on the dense subspace of 
global C°°-sections T{E) in the Sobolev space H (s) (M,E) and C k (/i): T(E) -»■ T(P) 
is a linear operator. (In (2.35), as well as in [|Gu|1 , (3.18), A = (Ai, . . . ,A m ) is an 
arbitrary collection of ordinary differential operators of order one with the scalar 
principal symbols, acting on T(E).) The subscript A in (2.35) means 

\\B\\^:=\\[A 1 ,...,[A m ,B]...]f s K (2.36) 

The operators C(/i) and A(/j,) := A^° rdA for /i = are the identity operators. 
Hence cr(C(0)) = cr(A(0)) = Id and the" symbol S := d^a(C(fx)) - a (A (//))) 1^ is 
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a PDO-symbol from CS°(M, E). For any PDO S G CL°(M,E) with a(S) = S the 
operator K + QS is smoothing in T(E), i.e., it has a C°° Schwartz kernel. (Here, 

K :=-limQ(C(n)-A(n)) 



is the value at s = of K s from (2.22).) Indeed, K + QP 2m +iS: #(- m ) - -f^(m) is a 
bounded linear operator since by (2.35) it is a bounded operator from H( S )(M,E) 

to L 2 (M,E) for s > -(2m + 1). Similarly, by (2.35) \Ai, K + QP 2m+1 S] is a 
bounded operator from H^(M, E) to L 2 (M, E) for such s and for an arbitrary DO 
A\ : r(£ l ) — > r(E) of order one with a scalar principal symbol. Hence K + QP 2m +iS 
is a bounded linear operator from H/ s ^ to ifm for s > —2m. Applying (2.35) with 
higher commutators A, we see that K + QP 2m +iS is a bounded linear operator from 

H(-m) to if( m ). 

Operators C m (fi) : = C(/i) - P m C(/i) and A m (/x) from H {s) (M,E) to L 2 (M,E) for 
< r and for s > r — m are uniformly bounded by (2.35). The analogous assertion 
is true by (2.35) for higher commutators of C m (fi) (or of A m ((j,)) with DOs Aj of first 
order with scalar principal symbols. (Such type operators are defined in (2.36) and 
are used in (2.35).) 

For a holomorphic family of PDOs we have a Cauchy integral representation. 
Namely for r r := {//, \fx\ = r} it holds 

CM = / ^-dz, (2.37) 
2m JVr z — ji 

for a family C m (z) of linear operators on T(E). This integral is absolutely con- 
vergent in the operator norm topology in the space of bounded linear operators 
L (if( s )(M, E), L 2 (M, E)^j for s > r — m. This integral is convergent also with re- 
spect to the semi-norm ||-||^ from (2.36) for s > r — to, where A = (A\, . . . ,Ak) is 
an arbitrary collection of first order DOs with the scalar principal symbols. (Indeed, 
the Cauchy integral representation (2.37) holds also for a holomorphic family PDOs 

[A!,..., [A k ,C m (^)} ■■■}■) 

To prove that (from (2.22)) is a holomorphic at /i = family of PDOs, it is 
enough to note that for K m (/i) := —Q (C rn (ji) — A rn (ji)) / fi we have 

(KM - K m (0)) = ~Q (cffM - (2-38) 

for C^(fi) := (C m ^) ~ C m (0) - fid.CMo) /V because C m (0) = A m (0) (= for 
to e Z+) and because K m (0) := -Q (<9 M C m | M=0 - d^A m \^ =0 ), where d^C m is the 
operator C m from (2.35). The operator C^(fx): T(E) — > T(E) converges to the 
operator dfcC m ([/)\ fl= o/2: T(E) — > T(E) in the semi-norms 

\\C^(^-dlC m \, =0 /2 ^0 (2.39) 
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as (j, — > for s > r — m because for < r, \i ^ 0, we have 

The operator <9^C m (//) |^=o/2 is defined as this integral with n = 0. The integral 
in (2.40) is convergent and continuous in \i (for sufficiently small |/i|) with respect to 
the semi-norms ||-||^ for s > r — m. The assertion (2.39) is true for all s > —m. (It 
is enough to substitute in (2.39) \i with sufficiently small Hence the family K s 
from (2.22) is holomorphic at s = 0. □ 

3. Canonical trace and canonical trace density for PDOs of 
noninteger orders. derivatives of zeta-functions at zero 

For any classical PDO A G CL a (M,E), where a G C \ Z, a canonical trace and 
a canonical trace density of A are defined. Indeed, since the symbol of A has an 
asymptotic expansion as |£| — > +oo 

fcez+uo 

the Schwartz (distributional) kernel A(x,y) of A has an asymptotic expansion for 
x — > y, x y in any local coordinate chart C/ on M as follows 

^>2/)= J2 A_ n _ a+k (x,y - x) + A {N) (x,y). (3.1) 

fc=0,l,...,JV 

Here, n = dimM, N G Z + is sufficiently large 18 , A(jv)(a;, y) is continuous and this 
kernel is smooth enough 19 near the diagonal in U x U. The term A_ n „ a+k (x, y — x) is 
positive homogeneous in y — x of degree (—n — a + k) for all pairs (x, y) of sufficiently 
close x and y from U and for < t < 1, i.e., 

A_ n _ a+k (x, t(y - x)) = r n - a+k A„ n _ a+k (x, y-x). (3.2) 

Remark 3.1. The (local) kernel A_ n „ Q+ fc(x, y — x) corresponds to the integral 

f a a - k (x,Z)exp(i(x-y,£))d£. (3.3) 
This integral is defined as follows. The analogous truncated integral 

J p(\S\)a a - k (x,S)exp(.Kx-y,S))dS (3.4) 

18 It is enough to take N € Z + greater than n + Re a + 1. 

19 The kernel ^4(at) {x, y) is of the class C l (U x [/) for I + dim M + Re a < N + 1. Here we suppose 
that the coordinate system is defined in some neighborhood V of U. 
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is an oscillatory integral, ||H6T|| , 7.8, since the estimates hold 

D" X DJ (p(|£|)a a _ fc (s,0)| < W(l + |el) RcQ - fcH71 

for x G K C ?7. (Here, {7 is a coordinate chart on M, is a compact, p(£) is a 

C°°-function, p(£) = for small t and p(t) = 1 for t > 1.) This truncated integral 

defines a distribution on C^°(x,y) of order 20 < I for Re a — — / < — dimM, [ HoT , 
Theorem 7.8.2. 
The integral 

/(! - p(l£l)K-fc(x, exp(z(x - y, f (3.5) 

is absolutely convergent for Re a — k > —n, n := dimM. All the partial derivatives 
in x, y under the sign of this integral are also absolutely convergent for such a. So 
the kernel (3.5) is smooth in (x, y) for such Re a. 

The integral (3.3) is the Fourier transformation £ — > y — x =: u of the homogeneous 
in £ distribution a a -k(x, £) (depending on x as on a parameter) of the degree a — k. 
For a — k e {m G Z, m < — dimM} and for a fixed x the distribution a a _^(x, £) has 
a unique extension to the distribution belonging to D' (M. n ) (£ G lR n \0, n := dimM), 



Ho If , Theorem 3.2.3. The Fourier transformation of a a _k(x, £) is a homogeneous 
in u = y — x distribution of the degree (—a + k — n), |[Hol|| , Theorem 7.1.16. So 
this integral for a — k ^ Z + U (and for a fixed x) has a unique extension to the 
distribution belonging to T>' (R n ). 

Note that a a _fc(x,£) is (for a fixed x) a temperate distribution, i.e., it belongs to 



<S'(R n ). Indeed, p(|£|)a Q _jt(x, £) is (for a fixed x) a temperate distribution, ||Hol 
7.1. For a — k^. {m G Z, m < —n}, n := dimM, (and for a fixed x) the distribution 
from V (R n \ 0) 

(l-p(|£|))a a _ fe (x,0 (3.6) 
(equal to |£| a_fc (l — p(|£|))a a _fc(x, £/|£|) for |£| small enough) has a unique extension 



to a distribution from (IR n ) with a compact support. (This fact follows from [|Hol 
Theorem 3.2.3, because (3.6) is homogeneous in |£| for sufficiently small |£|.) Hence 
this extension of (3.6) is also a temperate distribution. Its Fourier transformation 
provides us with an analytic continuation in a of the integral (3.5) from the domain 
{a: Re a > k — n} to a G C \ {m G Z, m < k — n}. So the Fourier transformation 
of a a _jt(x,£) is defined and belongs to S' (W 1 ). 

The wave front set for the oscillatory integral (3.4) is contained in {x, y — x = 0, £}, 
| [Ho If , Theorem 8.1.9. Hence the kernel (3.4) is smooth outside of the diagonal x = y. 
The Fourier transformation (3.5) from £ to u = y — x (for a fixed x) has its wave 
set belonging to {u = 0,£} ( ||Hol|| , Theorem 8.1.8) because the wave front set for 



A distribution u on C^{V) (for a local coordinate chart on M) is of order ( e Z + U0, m £ V (V), 
if for any compact K in V the estimates hold < Ct J2\p<i SU P |^V|> / e Cfi°(K). 
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(1 — p(\£\))a a -k{%,£,) ( x is fixed) belongs to the cotangent space at £ = 0. So the 
kernel (3.3) is smooth for x ^ y. 

The canonical trace density a¥ N \(x) := tvA^(x,x) on U is defined as a pointwise 
trace of the kernel Arm. This density does not change under a shift N — > N + k, 
k G Z + . This density for a large positive N is denoted further by ajj(x). 

Proposition 3.1. The denisity au{x) at x G M is independent of a smooth coordi- 
nate system U 3 x on M near x. 

Proof. Let z = f(Z) be a smooth change of local coordinates near x. Then according 
to Taylor's formula we have for X and Y sufficiently close one to another 

A_ n _ a+k (f(X),f(Y)-f(X)) = 

= A_ n _ a+k (f(X), dif{X){Y-Xfl(3\ + r N {X,Y) 

V i<M<zv 

= B- n - a+ k(X, Y — X) + B^ n ^ a+ k+i(X, Y — X) + . . . + _R_ n _ Q , + fc,(Af)(X, Y), 

where i?_ n _ a+ fc i (Ar)(X, Y) is a local kernel continuous near the diagonal and such that 
R_ n ^ a+ k,(N)(X, X) = 0. (Here, r^ is o [\X — Y\ N ^j for close X and Y and r^ is 
smooth in X, Y .) Hence R(n) does not alter the demsity a^. Thus a local change of 
coordinates does not alter this density. □ 

Hence any PDO A G CL a (M, E) of a noninteger order a G C\Z defines a canonical 
smooth density a(x) on M. We call a (a;) the canonical trace density of A. Integrals 
of such densities provide us with a linear functional on CL a (M, E) 3 A defined as 

TR(A) := / a(x). (3.7) 

JM 

We call it the canonical trace of A G CL a (M, E), a Z. 

Remark 3.2. Let Re a < — n. Then a PDO A G CL a (M,E) has a continuous 
Schwartz kernel A(x, y) and the density a(x) on M coincides with the pointwise 
trace trA(x,x) of the restriction of the kernel A(x,y) to the diagonal. 

Remark 3.3. Let a G R_, a < —n, and let the principal symbol a- a (x, £) of an 
elliptic PDO A G Ello(M,£) C CL a (M, E) possess a cut of the spectral plane 
C. Then the spectrum of A is discrete. 21 According to the Lidskii theorem IjLif ) ||Kr| 



R.cS|| , XIII. 17, (177), IpH , Chapter 3, |[LP|| , |[Re|| , XI, the operator A is of trace class 
and we have 

TrA = jtrA(x,x). 



21 A is a compact operator in Li{M, E). Its spectrum is discrete in C \ 0. The only accumulation 
point of this spectrum is G C, JYo[ . 
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Hence in this case we have 

TR(A) = Tr A. 



Remark 3.4. Let A G EU%(M, E) C CL a (M, E) be an elliptic PDO of order 

and let its principal symbol a a (A)(x,£) possess a cut of the spectral plane. 

Then the holomorphic family A7i is defined. The operator A~~^ is of trace class for 

Re s ■ a > n. For s G C such that s ■ a ^ Z and that Re s ■ a > n we have 22 



W)(^):=Tr(^)=TR(A-). (3.8) 

This zeta-function has a meromorphic continuation to the whole complex plane. (This 
assertion also follows from Proposition |3.4] below.) The kernel A~~.(x, y) for x ^ y also 



has a meromorphic continuation. Homogeneous terms of the symbol a (A^j ( x i0 
of A~i G Ello QS (M,E) C CL- as (M,E) in any local coordinate chart U on M are 
holomorphic in s. Hence by the definition of TR and by (3.8), the equality 

W)(*) = TR(^) (3.9) 

holds for all s G C such that s ■ a ^ Z. 

Here we use the weakest properties of a holomorphic (local) in z family of PDOs 
it has to possess. 

Definition. A (local) family A(z) G CL*W(M,E) is called a w -holomorphic 
family, if in an arbitrary local coordinate chart 23 U 3 x,y and for any sufficiently 
large G Z + the difference of the Schwartz kernel for A(z) and a kernel corresponding 
to a truncated symbol of A(z) 

N 

4cv(*) - E / p(iei) iei /w - j 'a-i (z, e/iei) ex P (z(x - y, o)de (3.10) 

is a C m -smooth (local) kernel on U x Z7, where m = m(N) tends to infinity as A^ — > oo 
and this kernel on Z7 X C7" is holomorphic in z together with its partial derivatives 
in (x,y) of orders not greater than m(N). Here, p(t) is a cutting C°°-function, 
p(t) = for < t < 1/2, p(t) = 1 for t > 1, is (locally) holomorphic in z, and 
£/|£|) are holomorphic in 2 functions on S'*M|[/ with the values in densities 
at x. The kernel A x ^ y (z) has to be holomorphic in z for x, y from disjoint local charts 
U 3 x, V 3 y, u n F = 0. 



22 For such Res an operator family A^ g * is denned by the integral (2.1) with an admissible for 
A cut close to L^gy Note that A%. = Id— Po(A), where Pq(A) is the projection operator on 

algebraic eigenspace of A corresponding to the eigenvalue A — and Po(A) is the zero operator on 
algebraic eigenspaces of A for nonzero eigenvalues. 

23 It is enough to check these conditions for a fixed finite cover of M by coordinate charts. 
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Proposition 3.2. For classical PDOs A, B such that ord A + ord B ^ Z the equality 
holds 

TR(AB) = TR(BA), (3.11) 

i.e., 

TR([A,B]) = 0. 



Remark 3.5. The equality TR([A, B]) = means that TR is a trace class functional. 
Note that the bracket [A, B] is defined for classical PDOs A, B having arbitrary 
orders. However the equality TR([A, B]) = is valid only if ord A + ord I? ^ Z 
(otherwise the TR-functional is not defined). 



Proof of Proposition |3.2| . 0. We assume that ord A, ord B G R. The general case 
follows by the analytic continuation (Proposition |3.1| ) . 

1. It is enough to prove the equality (3.11) in the case when A is an elliptic PDO 
such that log A exists and such that exp(^logv4) =: A z is a trace class operator for 
z from a domain U C C Indeed, any A G CL a (M, E) is the difference A = A\ — A 2 
such that ordA,- = ord A + N, N G Z+, ord A,- > 0, Aj G Ell° rdA+7V (M, E), and auch 
that log A, logA 2 exist. It is enough to set 

/ jp \a/2+N r „ \a/2+N 

A 1 = (Af, + cld) { l ) +A, A 2 = (Af f + cId) w . (3.12) 

Here, c G M+ and G Z + are sufficiently large constants, a := ord A, and Aff 
is the Laplacian for (M, E 1 ) corresponding to a Riemannian metric on M and a 
unitary connection for an Hermitian structure on E. Operators defined by (3.12) are 
invertible and possess complex powers (for sufficiently large c and N). 

Let A be the difference Ai — A 2 , where A 1: A 2 possess complex powers. Suppose 
we can prove that TR (AjB) = TR (BAj). Then TR(AB) = TR(BA). 

2. Let A be an invertible elliptic operator with ord A > and such that complex 
powers A z are defined. Let us prove that in this case the equality (3.11) holds (under 
the condition ord A + ordS ^ 0). Let s > 1 be so large that for Res > s the 
elliptic operators A^~ s ^ 2 and A^~ S ^ 2 B are of trace class. By Remark |3.3| for such s 
we have 



■s)/2 



TR [BAA~ S ) . (3.13) 



TR (A~ S AB) = Tr (A~ s AB) = Tr (A {1 - s)/2 BA^ 

= Tr (BAA- 

(Here we use the fact that A^~ s ^ 2 is of trace class and that A^~ S ^ 2 B is bounded.) 

Let q (s) := Ejez+uo ?(i-«)«+j8-i and r (s) T,j&+uo r (i~s)a+i3-j, a = ord A, (3 = 
ord B, be the symbols of A l ~ s B and of BA X ~ S . Note that for Re s > s the canonical 
trace density of A is also equal to the restriction to the diagonal M (in M x M) of 
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the Schwartz kernels corresponding to A X ~ S B minus the local kernel for a finite sum 
of homogeneous terms in qi s ) corresponding to j = 0, . . . , N (where N G Z + is large 
enough). This difference of the kernels is sufficiently smooth near the diagonal. But 
it is continuous on the diagonal and holomorphic in s also for as > n + 1 — N + a + (3, 
(1— s)a.-\-f3 ^ Z, n := dimM. So this difference is regular near the diagonal for s close 
to zero, if N G Z + is large enough. The analogous assertions are true also for BA X ~ S 
and for r( s ) when we take the difference with kernels corresponding to a sufficiently 
much number of the first homogeneous terms in the symbols rr s \. But the canonical 
traces TR (A l ~ s B) and TR(5t4 1_s ) do not change for Res > Sq when we subtract 
these (positive homogeneous in y — x) kernels. (Indeed, the kernels we subtract do 
not change the canonical trace densities on M defining the functional TR.) Hence 
we can set s = in the equality (3.13) as a + (3 £ Z. So TR(AB) = TR(BA). □ 

The use of complex powers of PDOs in the proof above looks a bit artificial. The 
direct proof using only the language of distributions also is possible but we do not 
give it here. 

Remark 3.6. Note that families A~ s and A~ S B for an elliptic PDO A, oidA G M. + , 
possessing complex powers and for a classical PDO B, are holomorphic in s families 
of PDOs. So the assertion (used in (3.13)) that TR (A~ S B) is holomorphic in s (for 
— sord A + ordi? ^ Z) can also be deduced from Proposition |3]4] below. 



Proposition 3.3. The traces of a classical elliptic PDO A 6 CL a (M,E), a ^ Z ; 
and of its transpose t A 6 CL a (M, E y ) coincide 

TR(A) = TR (* A) . (3.14) 

(Here, E y is the tensor product of a fiber-wise dual to E vector bundle and a line 
bundle of densities on M .) 

Proof. Let A(z) be a holomorphic family of classical PDOs such that A(a) = A, 
ord A(z) = z. Then for Kez < — dimM we have 



TR(A(z)) = Tt(A(z)) = Tr [ t A{z)} = TR [ A(z)) . (3.15) 



Proposition O below claims that TR(A(z)) and Tr ( l A(z)) are holomorphic in z 
for z ^ {m G Z, m > dimM}. (Here, we use that t A{z) is a holomorphic family.) So 
using the analytic continuation of (3.15), we obtain 

TR(v4) = TR (A (z )) = TR (M (z )) = TR ( f A(z)) . 

To produce an analytic family A(z), it is enough to set A(z) := AC z ~ a , where 
C G E11q(M, E) is an elliptic PDO possessing complex powers. □ 
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Proposition 3.4. Let A(z) be a holomorphic in z family of classical PDOs, ord^z) = 
z, where z is from an open domain U C C. Then TK(A(z)) is a meromorphic in z 
function regular for z G U \ Z. This function has no more than simple poles at the 
points Z n U . Its residue at m G Z fl £/ is given by 

Res 2=m TR(A(z)) = - res A(m). (3.16) 

(Here, res is the noncommutative residue, ||Wo2|| , ||Kas|| .) Form < — dimM this 
function is regular at m G U (by (3.16)). 

Analogous assertions are true for holomorphic families A(z) of PDOs such that 
ord A(z) =: f(z) is a (locally) holomorphic function. For TK(A(z)) to be a meromor- 
phic function with simple poles at f~ 1 ({m G Z, m > dimM}) =: Sf, it is necessary 
that f'(zo) 7^ for any z G Sf. If f(z) satisfies this condition, then TR(A(z)) has 
simple poles with the residues 

Res z=Z0 TR(A(z)) = - 777— r res o (A (z ) ) (3.17) 

for f (zq) G -n + (Z+ U 0), n := dimM. 

The equalities analogous to ^ 3.16 ^ and to (3.17) are valid also for the densities 
a x (z) and res x a (A (zq)) on the diagonal x G M ■=— > M x M (corresponding to the 
canonical trace TR(A(z)) and to the noncommutative residue res a (A (zq)) ). Namely 

1 

f'Tzo) 

for Z G Sf. 



Res^ =20 a x (z) = - f , , _ ^ res x a(A(z)) (3.18) 



Remark 3.7 . 1. For classical PDOs it is natural to introduce a modified trace func- 
tional 

TRd(A) := (exp(27riordA) - 1) TR(A). (3.19) 

The additional factor in this definition does not change if ord A shifts by an integer. 
(Note that the order of A may differ by an integer on different components of a 
manifold.) 

For a holomorphic family A(z) of classical PDOs this trace functional is holomor- 
phic for all z. Here, we do not suppose that f(z) := ordv4(z) has nonzero derivatives 
/' (zo) at {z : / (zo) G Z, / (z ) > — dimM}. This statement follows from the proof 
of Proposition |3.4j . 

2. For classical elliptic PDOs it is natural to introduce a trace functional 

TR ta (A) := TR(A)/r(-(ordA + dimM)). (3.20) 

For a holomorphic family A(z) of elliptic PDOs this trace is holomorphic for all z. 
(The proof of Proposition |3.4| gives us such a statement. Here we do not suppose 
that /' {z ) ± for / (z ) G Z, / (z ) > - dim M.) 
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Remark 3.8. The assertion that the noncommutative residue res is a trace linear 
functional on the algebra CS%(M, E) of integer orders classical PDO-symbols follows 
immediately from Propositions |3.2| , (3.11), and |3.4| , (3.16). Indeed, by (3.16) and by 
(3.11) we have 

ves([A,B}) = - Res z=ovdA+oldB TR([A(z),B(z)}) = 

for A,B G CL Z (M, E) and for any holomorphic families A(z), B(z) such that 
A(ordA+ordB) = A, B(ordA+ord B) = B. (For example, set A(z):= AC z -° vdA ^ vdB , 
B(z) = BC z -° ldA -° ldB , where C is an invertible first order elliptic PDO possessing 
complex powers). 

Proof of Proposition |3.4| . The positive homogeneous in £ terms of the symbol 
a(A(z)) correspond to the positive homogeneous in y — x (local) summands of the 
Schwartz kernel for A(z). Namely (in the notations of (3.10)) the integral 

\Z\M-*a-j(z, x, f /|f |) exp(*(x - y, OR 

defined in Remark p.l| is the positive homogeneous of degree — n — f(z) + j in y — x 
(local) kernel. These kernels do not alter TK(A(z)) for f(z) ^ Z (and also for 
f(z) G Z, if f(z) < n — j). Note that the kernel (3.10) is smooth enough near the 
diagonal in U x U and is locally holomorphic in z. So the canonical trace TR and 
the canonical trace density of this kernel are regular in z. 

Therefore the singularities of TR(A(z)) are defined by the restriction to the diag- 
onal of the kernel 

N 

]T / (p(lfl) - l)\C\ m ~ j a^(z, x, exp(z(x - y, OR. (3.21) 

3=0 

The kernel (3.21) is smooth in (x,y) and holomorphic in z for f(z) - j + n / 
(because p(|f |) = small |£|). Namely the integral (3.21) is absolutely convergent for 
Re f(z) > j — n (and the convergence is uniform in (x, y, z) for Re f(z) > j — n + e, 
e > 0). The corresponding integral over |f | = const is absolutely convergent for any 
z. For x = y the integral (3.21) has an explicit analytic continuation. It is produced 
with the help of the equality 

f 1 x x dx = 1/(A + 1) 
Jo 

for Re A > — 1. The right side of this equality is meromorphic in A G C. 

We suppose from now on that /' (zq) ^ for z such that / (zo) + n G Z + U 0. The 
residue of the integral (3.21) at z = z such that / (zo) = —n + j is 

a^(z,x,Z/\£\)dn s , (3.22) 



/' (*b) 
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where dfis are natural densities on the fibers of S*M. Note that a-j(z,x,^/\^\)\^\^ ^ 
is positive homogeneous in £ of degree — n. So we have 

Res 2=20 TR(A(z)) = -77^ res a {A (z )) . (3.23) 

The proposition is proved. □ 

Let ell(M, E) be the Lie algebra of logarithms of (classical) elliptic PDOs. As a 
linear space, tU(M, E) is spanned by its codimension one linear subspace CL°(M, E) 
of zero order PDOs and by a logarithm I = log^ A of an invertible elliptic PDO 
A G E11q(M, E) C CL 1 (M, E) such that A admits a cut Lig\ of the spectral plane 
C. The space {si + B }, s G C, B G CL°(M,E), of logarithms of elliptic PDOs is 
independent of /. This space has a natural structure of a Frechet linear space over 
C. The Lie bracket on ell(M, E) is defined by 

[ Sl l + h, s 2 l + b 2 ] := [I, Sl b 2 - s 2 6i] + [h, b 2 ] G CL°{M, E) c eK(Af, S). (3.24) 

The bracket [I, sib 2 — s 2 bi] is a classical zero order PDO because 

[I, S!b 2 - s 2 h] = d t (A\ e) {s x b 2 - s 2 b x ) U=o G CL°(M, E). 

(Here, A 1 ^ := exp(tZ) is a holomorphic in t family with the generator I. The inclusion 
[l,b] G CL°(M,E) for 6 G CL°(M,E) can be also deduced from (an obvious) local 
inclusion of [log |£|, cr(6)] to classical zero order PDO-symbols and of the description 
the corresponding Lie algebra Si og (M, E) in Section 0.) 

The exponential map from tU(M, E) to the connected component E11 (M, E) 3 Id 
of elliptic PDOs is 

si + B -> exp (aZ + B ) G Ell^M, E). (3.25) 

The PDO A s := exp(s/ + S ) e E11^(M, C CL S (M, E) is defined as A;| T=1 , where 
the operator is the solution of the equation 

d T A T s = (si + B )Al, (3.26) 
A°:=Id, Al:=exp(B ). (3.27) 

(Note that A s := Al depends on an element si + B G e([(M, E) only and that A s 
does not depend on a choice of / G log (^EllJ(M, E 1 )^. The solution of (3.26), (3.27) is 
given by the substitution 

A T S := A ST F T , (3.28) 
d T F T = (A- ST B A ST ) F T , F := Id . (3.29) 

The operator A ST in (3.28), (3.29) is defined for Re(sr) < by the integral (2.1) 
with z := sr. This family is continued to sr G C by (2.2). The operator A~ st BqA st 
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in (3.28) is a PDO from CL°(M,E). The operator exp(B ) in (3.27) is defined by 
the integral 

exp B :=^- f (B - A) -1 exp \d\, (3.30) 

27T JT R 

where Yr is a circle |A| — R oriented opposite to the clockwise and surrounding 
Spec B 2A (Recall that this spectrum is a compact in the spectral plane C and that 
the operator (B - A)" 1 is a classical elliptic PDO from E11°(M, E) C CL°(M, E) for 
A G T R since B G CL°(M,E).) We have expB G E\f (M,E) C CL°(M,E). 

The existence and the uniqueness of a smooth solution for such type equations in 
the space of PDO-symbols is proved in Section ||. So we have the solution o (F T ) of 
the equation on elliptic symbols 

d T a (F T ) = a [A- ST B Q A ST ) a (F T ) , a (F ) = Id . (3.31) 

Let S T G E11q(M, E), < t < 1, be a smooth curve in the space of invertible 
elliptic operators from S = Id to Si with a (S T ) = a (F T ). Then 

d T S T =((A-* r B A' r )+r T )S T , 

where r T is a smooth curve in the space CL~°°(M, E) of smoothing operators (i.e., 
in the space of operators with smooth kernels on M x M). Set u T := S^Fj- — Id. 
Then u T G CL-°°(M, E) is the solution of the equation in CL-°°(M, E) 

d T u T = - (S; l r T S T ) (Id +u T ) , u = 0. (3.32) 

This is a linear equation in the space CL~°°(M, E) of smooth kernels onMxM with 
known smooth in I x M x M coefficients S~ 1 r T S T G CL~°°(M, E). (This equation 
can be solved by using the Picard approximations.) 

Proposition 3.5. The exponential map (3.25) is w-holomorphic, i.e., for any (local) 
holomorphic map ip : (C N ,0) 3 q -> s(q)l+B (q) G dl(M,E), the family exp(<p(q)) G 

is w-holomorphic. 
The function 

TR(exp(s/ + 5 )) =: T(s, B ) 

is defined for any s G C \ Z and for any B G CL°(M,E). Note that T(ip(q)) is 
meromorphic in q with poles at {q: s(q) G Z, s(q) > — dimM} by Propositions |3.4| , 
P. 

24 The integral (3.30) is analogous to the integrals (2.30), (2.31). We suppose here also that the 
principal symbol ao{B )(x, £) has all its eigenvalues inside the circle |A| = R/2 for all (x,0 S S*M. 
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Proposition 3.6. The function T(s, B ) is meromorphic in (s, B ) 25 and has simple 
poles at the hyperplanes s G Z, s > — dimM. We have 

Res s=m T(s, B Q ) = — res a (exp {ml + B )) . (3.33) 



Here, m G Z ; m > — dimM, and res is the noncommutative residue (\ Wb2|| 
Proof. This assertion is an immediate consequence of Propositions |3.5| , |3.4j . □ 
Proposition 3.7. The product A(z)B(z) of w-holomorphic families is w-holomorphic. 

Proof of Proposition |3.5| . We can solve the equation for symbols a (A\ (B )) of 
Al(B ) :=exp(t(sl + B )) 

d t a (A\ (B )) = a(sl + zB ) a (A\ (B )) , a (A° B (B )) = Id (3.34) 

for any (s, z, B ). These symbols are holomorphic in (s, o~(l), z, a (Bo)). (Here we use 
the substitution (3.28), (3.29) but on the level of PDO-symbols. So we don't have to 
inverse elliptic PDOs in solving of (3.34). This equation is solved above, (3.31).) 

Let {Ui} be a finite cover of M by coordinate charts, ipi be a smooth partition 
of unity subordinate to {Ui}, and let ipi G (Ui), ipi = 1 on supp(y?j). These 
data define a map /jy from PDO-symbols to PDOs on M. The difference A l s (B ) — 
/at (a (A\ (-Bo))) nas a smooth enough kernel on M x M (for N £ Z + large enough), 
and this kernel (x, y) is a solution of a linear equation with the right side smooth 
enough and holomorphic in s, Bq (for s close to a given so G C). Here, we choose N 
depending on sq. So the kernel K ( ^' B °^ q \x,y) := K^(x,y) is sufficiently smooth on 
M x M and holomorphic in q close to go, s (go) = «o- The PDO /jy (cr (^4J (-^o))) is w ~ 
holomorphic in s, Bq by its definition. So A s (Bq) := exp (si + Bq) is a w-holomorphic 
in s, B . □ 

An alternative proof of this proposition is as follows (it uses Proposition |3.7p . 
1. First prove that A s (Bq) := exp (si + Bq) is holomorphic in Bq. To prove the 
analyticity in Bq for any fixed s G C \ Z, it is enough to prove that 

{d z (exp(ls + zB ))} (3.35) 

z=0 

exists and that we have 

{d- z (ex P (ls + zB ))}\ z=o = 0. (3.36) 



25 That means that the function is meromorphic in (s, Bo) on any finite-dimensional linear (or 
afhne) subspace in til(M, E). In the independent of coordinates (s,Bo) form this theorem claims 
that the function T is meromorphic near the origin on the space of logarithms for elliptic PDOs and 
that T has a simple pole along the codimension one linear submanifolds of integer orders PDOs. 
The residues of T are given by (3.33). 
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Indeed, to prove the same assertions for z ^ 0, we can change the logarithm Z of 
an elliptic operator A of order one to the logarithm 

Zx := Z + s^zBq 

of another elliptic PDO A x G EIll(M,E) C CL 1 (M,E). (Note that the principal 
symbols of A and of Ai are the same.) 
By the Duhamel principle, we have 26 

exp(Zs + zB ) — exp Is = / drd T (exp(r(Zs + zB )) exp((l — i~)ls)) = 

Jo 

= [ drexp(r(Zs + zB Q ))zB exp((l - t)Is). (3.37) 
Jo 

We conclude from (3.37) that 

d z {(exp(ls + zB ))} = / 1 rfrexp(rZs) J B exp((l-r)Zs), (3.38) 

z=0 Jo 

d- z {(exp(ls + zB ))}\ z=o = 0. (3.39) 
To deduce (3.38), (3.39) from (3.37), note that the equation for Al(z): = exp(r(sl + zB )) 

d T A:(z) = (sl + zB )Al(z), (3.40) 

A°(z)= Id, Al(z)^eMrzBo), A r a (Q) = A ST (3.41) 
is solved by the substitution 

Al(z) = A ST F T (z), (3.42) 

d T F T (z) = z (A- ST B Q A ST ) F t {z), (3.43) 

F Q (z)= Id, F T (0)=Id. (3.44) 
Hence for d z F T (z)\ z= o —: Qsij) we have 

d T Q s (r) = A st BqA st , Q s (0) = 0, (3.45) 
and Q s {t) E CL°(M,E) depends smoothly on r. Thus we have 

exp(sZ + zB ) - exp(sZ) = C drA ST (Id+zQ s (r)+o(z)) zB G A s{l ~ T \ (3.46) 

Jo 

d z exp(sl + zB )\ z _ o = drA ST B A s(1 - T) . (3.47) 



26 Note that for any r 

cxp(r(Zs + zB Q )) exp((l - t)Is) e Ellg(M, E), cx P (t(Zs + zB ))zB exp((l - t)Is) e CL S (M, E). 
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Here o(z) is considered with respect to a Frechet structure on CL°(M,E). This 
structure is defined by natural semi-norms (8.20) on CS°(M,E) (with respect to a 
finite cover {Ui} of M) and by natural semi- norms on the kernels of A — f^a(A) E 
C k (M x M) for appropriate k E Z + U 0, N E Z + are large enough. 27 

The expression on the left in (3.47) is the derivative of the function with its values 
in CL 8 (M, E) and the operator on the right in (3.47) is also from CL S (M, E). 

2. The family of elliptic PDOs 

(B ) := exp(/iZ + B ) E Ellft(M, E) C CL^(M, E) (3.48) 

is w-holomorphic in /i. Indeed, set l 7 :— I + -Bo/7- Then A^ := exp (/x/ 7 ) is holo- 
morphic in 7 for 7 7^ 0. We have also A^ = A Mj7 | 7=(U . 

Thus it is enough to prove that A^ is w-holomorphic in /z at /i = 0. Set A T {z) := 
exp (r (/i/ + zB )), F t (ji, z) := exp(-T/j,l)Al(z). By (3.41), (3.42) we have 

d T F T {n,z) = z(Ad eM ^ Tl) B )F T (v,z), F (fM,z) = Id = F T (fi, 0). (3.49) 

We have to prove that the family F T (fi, l)| r =i is w-holomorphic in fi at = 0. The 
coefficient 2;Ad exp (_ ;iT |)5o =: zv(fjLT) E CL°(M, E) in (3.49) is holomorphic in fir. 
Set dfj,F T (fj,, z) = f T (fi, z). (We know that f T exists, if \i 7^ 0.) Then 

d T f T (ji, z) = zv(jir)f T (ji, z)+zd lt v{fir)F T (ji, z), f r (ji, 0) =0 = /„(//, z). (3.50) 

Let us substitute fj, — to the right side of this equation. Then (3.50) takes the form 

d T f T (0, z) = zB f T (0, z) - zr [I, B ] exp (rzB ) , / (0, z) = 0. (3.51) 

This is a linear equation in CL°(M, E) and it has a unique solution. (The analogous 
assertion is proved in Section [|) So fi(0,z) := d^F^fj,, 2)^=0 exists. Hence the 
family iq(//, 2) is holomorphic in /1. (In particular, it is holomorphic in /1 for z — 1.) 

□ 

Remark 3.9. The holomorphic in /z dependence of A M (£> ) in the sense of |Gu| (Sec- 
tion 3, (3.17), (3.18)) means that the image of a (A^) in CS^/CS 11 " 1 ^ is holomorphic 
in /i (for N E Z + ) and that for any /1 G C and for any m G Z + there exists a lin- 
ear operator A m (/i): T(E) — >■ T(£') such that the asymptotics (analogous to (2.35)) 
hold 28 for s > Re /i — m as |<5| — > 

|(A m (/i + 5) - A m ( M )) /$ - -> (3.52) 

Here, A m (/j,) := A^ - P m A^ (where P m A^ E CL^(M,E) is the PDO defined by the 
image of a (A„) in CS^(M, E)/CS' J, ~ m ~ l (M, E) and by a fixed partition of unity 
subordinate to a finite cover of M by local charts). 



27 We use the notations of the first proof of this proposition. 
28 With respect to the semi-norms ||-||^° from (2.36), (2.35). 
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This assertion follows from the Cauchy integral representation for A m (n) analogous 
to (2.37). The Cauchy integral representation for A m (fi) (with < r < in (3.53), 
(3.54) below) can be deduced from Proposition |3.5[ This integral representation 
implies the expression of the operator A m (fi) in (3.52) as of the Cauchy integral of 
linear operators in T(E) 

AM = ^f ^%dz. (3.53) 

Here, T r (/j) is the contour {z: \z — fi\ = r} oriented opposite to the clockwise. (This 
integral is analogous to (2.37).) 

The Cauchy integral formulas for A m (fi) and A m (//) hold and these integrals are 
convergent with respect to the operator semi-norms ||-||^ for s > r + Re/x — m. (The 
same assertion is true for any smooth simple contour V surrounding once the point 
fM and belonging to D r (fi) := {z G C: \z — fi\ < r}.) 

Set A^(/i, 5) := (A m (fi + 5) — A m (n)) /8 — A m (fi). Then for r > \8\ we have 

A 2 m (^ 6 ) = W~ [ ( 7 77^ 77 " 7 1 ^ 2 J A m {z)dz. (3.54) 

This integral converges with respect to the operator semi-norms ||-||^ for s > r + 
Re /i — m. Its semi-norm ||-||^ (for any s > r — m) is 0(|5|) as \5\ — > 0. 

The convergence of these integrals in appropriate semi-norms is a consequence 
of a holomorphic in \i dependence of Fi(fi, 1) (defined by (3.49)). 

Proof of Proposition |?7|. Let A(z) G CL^ Z \M,E) and B G CL^ Z \M,E) be 
w- holomorphic families {f{z) and g(z) are holomorphic in U C C). In the notations 
of the proof of Proposition |3]5| the kernels of A(z) — fN&N{.A(z)) =: r^A^z) 29 and of 
tnB(z) are holomorphic for z close to zq and are sufficiently smooth on M x M for 
such z. 

The product f^A(z) ■ f^B(z) is w-holomorphic by the standard proof of the com- 
position formula for classical PDOs (see for example, |[Sh|| , 3.6, the proof of Theo- 
rem 3.4). For N G Z + large enough (depending on zq G U) and for z close to zq the 
kernels of r^Ai^z) ■ f^B^z), fj^A(z) ■ r^B^z), r^A^z) ■ r^B^z) are sufficiently smooth 
on M x M and holomorphic in z. □ 



29 Here, ctn{A) is the image of A in 

CL OTdA (M,E)/CL oldA - N - x (M,E) = C S old A (M , E)/CS oldA ~ N ~ 1 {M, E) 
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3.1. Derivatives of zeta- functions at zero as homogeneous polynomials on 
the space of logarithms for elliptic operators. For an element J = al + Bq, 
a G C x , of tll(M,E) the TR- zeta- function of exp J G EO%(M,E) C CL a (M, E) is 
denned for s G C, as Z by 

C™ J ( S ):=TR(exp(- S J)). (3.55) 

Let aGl x and let for A G EUq (M, E) its complex powers Afy be defined. (Here, 
6 is fixed and the cut L(m of the spectral plane has to be admissible for A.) Let 
d s A s {e) \ s+() = J (i.e., for any C°°-section / G T(£) we have d s (A s {e) f^ \ s=0 = Jf). 
This equality can be written as 

\og {e) A = J. (3.56) 

By Remarks p.3| and |3.4j the TR-zeta-function of A coincides for a Re s < — dim M 
with the classical ^-function 

Ce T xpj(s)=CcxpJ, (e )( S ). (3.57) 

By Propositions |3.3| , |3.5| the TR-zeta-function j( s ) is meromorphic in s with no 
more than simple poles at s G Z, s < dimM. Hence (3.57) holds everywhere. By 
(3.33) we have 

Res s=0 Cexpj( s ) =resld = 0. 

S° C™j(6»)( s ) ( an d Ccxpj( s )) are regular at s — 0. Hence the derivatives at s = are 
defined 



CSj(O) := a s fc C expJ ( S ) e _ n := SJCS^a 



5/C/-TR 



s=0 



s=0 



Our definition of the TR-function differs from the usual one in two aspects. Firstly 
we consider it as a function depending on a logarithm of an elliptic operator and not 
on an operator with an admissible cut. Secondly, the order a should not be real. 

Remark 3.10. The main difference between a TR-zeta-function and a classical one is 
that we do not use an analytic continuation of the TR-zeta-function in its definition. 
This function Cl R ( s ) := TR(A _S ) is canonically defined at any point so such that 
So ord A ^ Z. This definition uses a family A~ s of complex powers of a nonzero order 
elliptic PDO A. However, if we know a PDO A~ s °, soordA ^ Z, then we know 
Ca R ( s o)- For example, in the classical definition of zeta-functions it was not clear, if 
the equality holds 

(a(s ) = (b(si), (3.58) 

where A~ s ° = B~ Sl , SoordA = siordB ^ Z, for nonzero orders elliptic PDOs A, B 
with existing complex powers A~ s , B~ s . For TR-zeta-functions the equality (3.58) 
follows from their definitions. These zeta-functions coincide with the classical ones 
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for Re(sordA) > dimM, Re(sord-B) > dimM. Hence the equality (3.58) holds for 
classical zeta-functions also. 

Note that the equality (3.58) is not valid in general, if SoordA = s\ordB G Z. 
If sq ord A is an integer and if SoordA < dimM, then (a{s) has a pole at so for a 
general elliptic PDO A. If such A is an elliptic DO and if So or d^4 G Z + U 0, then sq 
is a regular point. 



Remark 3.11. The existence of the complex powers of an invertible elliptic operator 
A G Ell%(M,E) C CL a (M, E) (for a G C x ) is equivalent to the existence of a 
logarithm log A. 30 This condition is not equivalent to the existence of a spectral 
cut L(0) for o~ a (A). For instance, such a cut does not exist in the case a G C \ ML 
However, if such a cut L ( « exists for Ai G EH^M, E) C CL C (M,E), c G M x , and 
if A G E11° C (M,£) C CL ac (M,E) is equal to A", then log A defined as alog {§) A 1 
exists. 



Theorem 3.1. The function C e ( Sj(°) on hyperplane {J = l+B , B eCL°(M, E}} 
(where I = log A and A is an elliptic operator from E11q(M, E) C CL l (M,E) such 
that log A exists ) is the restriction to this hyperplane of a homogeneous polynomial 
of order (k + 1) on the space dl(M, E) := { J = cl + B , ceC,B e CL°(M, E)} of 
logarithms of elliptic operators. 



Proof. According to Proposition |3]6| the function sT(s,B ) := sTR(exp(s/ + B )) 
is equal to the sum of a convergent near (s , -Bo) = (0, 0) power series 31 

sT(s,B )= £ s m Q m (B ). (3.59) 

meZ+UO 

The functions Q m (B ) are holomorphic near B = (in the same sense as in Propo- 
sition p.6|) . Hence we have 

Q m (B )= £ Q m , q ( B o), (3-60) 

(jSZ+UO 

where Q m q is a homogeneous polynomial of order q on the linear space CL°(M, E) 3 
B . 



30 Indeed, let A s be defined. Then for so sufficiently close to zero and such that s^a G M + the 
principal symbol a (A s °) of the operator A s ° possesses a cut along E_ = Lr v \ on the spectral plane. 
So in this case, log^) (A s °) is defined for a cut L(^) close to L^y Thus log A SQ 1 log( # ^ A s ° is 
also defined. 

31 This power series is uniformly convergent in Bq from a neighborhood of zero in any finite- 
dimensional linear subspace of CL°(M, E) 9 Bq. 
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The function Cix P j(0) is expressed through Q m ,q(B ) as follows. For s 6 C\Z we 



have 

sTR(exp(s(l + B )))= ]T s m £ Q m , q (sB ) = 

meZ + U0 <?6Z + U0 

= s m+q Qm, q (B Q ). (3.61) 

m,qeZ + U0 

Hence we have 

* E Ci% +Bo) (0)(s) k /k\= £ « m+9 Qm, 9 (S ), (3.62) 

fcGZ + U0 m,<j£Z + U0 

i.e., we have for an arbitrary A; G Z + U that 

d&W ) = *'(-!)* E WSo). (3-63) 

m,qSZ+U0,T7i+g=fc+l 

The function 

T k+1 (cl + B ) := £ c m QmA B ») (3-64) 

m,<j£Z + U0,m+g=fc+l 

(where c G C) is a homogeneous polynomial of order (fc + 1) on ett(M, i?) = {cZ + 
fio^o G OL°(M,£)}. Hence according to (3.63) (-if (k\)- l (^ p{l+Bo) (<d) is the 
restriction of this homogeneous polynomial of order (k + 1) to the hyperplane c = 1. 
The theorem is proved. □ 

Proposition 3.8. Cixpj(O) ^ s a homogeneous function on M(M,E) \ CL°(M,E) of 
degree k. 

Proof. We have 

CcxpAj(s) = TR(expAsJ) = C cxpJ (As), 
d*( cxp xj(s)=\ k d*( cxpJ (s)(\s). 
Then substitute s — 0. □ 

Remark 3.12. The homogeneous function of degree k on M(M,E) \ CL°(M,E) de- 
fined in Proposition |3J| has the form Tfc +1 /(ord J) = T^+i/oc, where T k+ i is a homo- 
geneous polynomial of order k + 1 on tll(M, E) defined by (3.64). So 

C ( xpM + b )(0) = T k+1 (a, Bo) /a = k\ {-l) k £ oT^Q^ (B ) . 

m+q=k+l, m,q£Z+ (3.65) 

The polynomial T k+1 (a, B ) is invariantly defined on the linear space tll(M, E) (i.e., 
it does not depend on a choice of I). By (3.65) we conclude that Qxp(a2+B )(^) nas a 
singularity O (a -1 ) = O ((ord J)" 1 ) as a tends to zero. 
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Remark 3.13. The linear form Qo,i{B ) (defined by (3.60) depends on cr(B ) only. 
It coincides (up to a sign) with the multiplicative residue — res x a(exp(Bo)) (defined 
by (1.10)) for the symbol of exp(Bo). The linear function T\(cl + Bo) depends on 
a (exp(cZ + i?o)) only. By (3.65) 7\ coincides (up to a sign) with the defined by (1.8) 
function — Z(cr(exp(cZ + Bo))). Hence T\(cl + B ) possesses the property (1.9). 

Proposition 3.9. The term Qo t k+i(Bo) in the formula (3.63) for (^ p , l+B \(0) is as 
follows 

Qo, k+ i(B ) = - res (s o fc+1 ) / (k + 1)!. (3.66) 



Proof. It follows from Proposition |3]6| that 

{s TRexp (si + -Bo)} q = — res a (exp B ) . (3.67) 

Here, the expression on the left is a continuous function of s at s = 0. (TR is defined 
for s ^ Z and sTRexp(s/ + Bq) is continuous in s at s = 0.) According to (3.59), 
(3.60) we have power series at s = 0, Bq = 



sTRexp(sl + B )= £ s m Q m (B ) 

meZ+UO 

Qm (-Bo) = 2J Qmj (Bq) . 



(3.68) 



(3.69) 



We deduce from (3.67), (3.68) that 

Qo (-B ) = - res a (exp B ) , 
Q 0ij (B ) = - res a (Bi)/j\. 
In particular, 

Qo,2 (B ) = - res a (B 2 ) /2 = - (a (B ) , a (B )) rcs /2. (3.70) 
The proposition is proved. □ 
Remark 3.14. For all k G Z + U we have 32 

T k+l (log (e) (AB)) = T k+1 (\og {e) (BA)) (3.71) 

for an arbitrary pair (A, B) of invertible elliptic PDOs A £ E1P(M, B) C CL a (M, E) 
and -B £ E11 /3 (M,B) C CL f3 (M,E) such that log (e) (AB) is defined for some cut L (0) 
of the spectral plane. (In this case log^) (BA) is also defined. It is enough to suppose 
the existence of log {e) a a+f3 (AB) for the principal symbol of AB £ Ello +/3 (M,B) C 
CL a+l3 (M, E). Then log^(AB) is defined for a cut B^ close to £($).) 



:!2 



The homogeneous polynomial T^+i of order fc + 1 on e([(Af, -B) is defined by (3.64). 
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Remark 3.15. Let A = exp (al + A ) G E11°(M, E), B — exp (pi + A ) G E\f(M, E) 
be of nonzero orders. Here we suppose that A, B are sufficiently close to positive 
definite self-adjoint ones. These conditions are satisfied, if Aq and Bq are sufficiently 
small. Then 

\ogF(A,B) = -T 2 (al+A ) /a-T 2 (pl+B ) / p+T 2 ((a+P)l+D ) /(a+P), (3.72) 

where (a + {3)1 + D := log^) (exp (al + A ) exp ({31 + B )). Hence (by Proposi- 
tion |2.1|) the expression on the right in (3.72) depends on the symbols a (al + A ) 
and a ({31 + B ) only. 

Remark 3.16. Let A x ,...,A k be elliptic PDOs from CL a *(M, E) 3 A, (1 < i < k) of 
nonzero orders «j such that their complex powers are defined. Let Bi G CZ/^M, E) 
(1 < i < k) be a set of k PDOs. In this situation a generalized TR-zeta-function is 
defined by 

ta}(«i. ...,**):= TR (fl^f • . • BfcAf) • (3.73) 

This function is defined on the complement U to the hyperplanes in C fc , namely on 
U := C fc \ |(si, . . . , Sfc) : J2i=i((3i + G z|. This function is analytic and non- 
ramified on [/. Indeed, this function is defined by TR for any point s 6 (/ without 
an analytic continuation in parameters s := (s\, . . . ,Sk) of the holomorphic family 



BiA^ 1 . . . BkA s k k . By Proposition |3]4] the expression (3.73) is meromorphic in s with 
simple poles on the hyperplanes J2i (A + = m E Z, m > — dimM. Note that 
by (3.17) we have for m G Z, m > — dimM, 



Res E s (ft+^^>^ hAi},{Bi} (si, • • • , s k ) = -res a [B X A^ . . . B k A s k k \ z{s)=m ) . (3.74) 

(Here, Res is taken with respect to a natural parameter z = z(s) := J2i (A + SjO:,) 
transversal to hyperplanes {s, z(s) = m}.) For Ya (Pi + SiOti) = m < —dimM, 
m G Z, the function f{A i },{B l } (s\, ■ ■ ■ , s k ) is regular on the hyperplane z(s) = m. 

Remark 3.17. Let A G EUq (M, E) C CL a (M,E) } aGM x , be an invertible elliptic 
operator such that a holomorphic family of its complex powers A s exists. (This family 
depends on a choice of log A.) Let B G CL@(M, E). Then a generalized zeta-function 
of A 

TR{BA-') =:C%(s) =:(a,b(s) 
is defined on the complement U to the arithmetic progression, namely on U := C\{s : 
—as + {3 G Z}. Suppose for simplicity that (3 G Z. Then the function as ■ Ca,b,(6»)( s ) 
is holomorphic 33 at s = and for s close to zero we have 

*s-C B B (s)= £ S fc F fc (A,5), (3.75) 
fcez + uo 



33 For (3 (f: Z this function is also holomorphic at s = but in this case, s = is not a distinguished 
point for the TR of the family BA^ e y 
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where F k are homogeneous polynomial of orders k in log A with their coefficients 
linear in B. Indeed, by Propositions |3.4| , |3.5| we know that the left side of (3.75) is a 
holomorphic in s, log A function (for s close to zero). Namely we have 

sTR(Bexp(sl + A ))= £ s k P k (B, A ) , 

fcez + uo 

P k (B, A ) is a regular in A E CL°(M, E) analytic function. Set 

P k (B,A ) = J2 Pk,m(B,A ), 

meZ + U0 

where Pk, m {B, Aq) is a homogeneous in Ao polynomial of order m with its coefficients 
linear in B. So 

8 TR (5 exp ( s (l + A ))) = J2 s k+m P k ,m (B, A ) , 
as TR (B exp (-s (al + 4>))) = £ a k {-l) m+k ~ l s k+m P k , m (B, A ) . 

Thus the coefficients F k (A, B) in (3.75) are homogeneous polynomials of orders k in 
log A := al + Aq. Namely 

F k (A, B) = {-If- 1 £ a r P l>m (B, A ) , (3.76) 

r+m=k, r,m£Z_|_U0 

Note that for f3 := ord B E Z, (3 < - dimM, F (A, B) is zero. For f3 > - dimM this 
term F (A,B) is equal to — iesa(B). It is independent of A and depends on a(B) 
only. 

More generallly, we can define this zeta-function for arbitrary log A E ell(M,E) \ 
CL°(M, E) and B E CI. [M. E). 

Remark 3.18. An analogous to the power series expansion (3.75) is also valid for a 
generalized TR-zeta-f unction (3.73). Suppose for simplicity that A =: 1 £ 
q > — dim M. Then 

(oasi + . . . + ajfcSft) /{A i },{B i } (si, ■ ■ ■ ,s fc ) = £ s? 1 . . . s n k k F ni _ >nfc ({A;} , {#;}) 



for Sj G C close to zero. Indeed, by Propositions p^ , p~5| for Cj E CL°(M, E) we 
have 

(si + . . . + Sjfc) TR (5i exp (s x / + C x ) . . . B k exp (s fc Z + C k )) = 

= £ ^l* 1 • ' ' S A: k Pm 1 ,...,rn k (Cl, • • • , Cfe) ? 
rrygZ+UO 

where P m ({Cj}) is a holomorphic in Cj regular function on CL°(M, E)® h . So 
(ckiSi + • • • + a fc s fc ) TR (5! exp (s x (otiZ + Ci)) . . . B k exp (s fc (a fc Z + C k ))) = 

- V n m i c m i+ n i „, m k a m k +n k p ni ,...,n k (s~i r~i \ 

-L ft l S l ■■■ a k s k ^mi,...,m k V 01 ' • • • ' ' 
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where P£ ({Cj}) is polyhomogeneous in Cj of orders rrij polynomial with its coeffi- 
cients polylinear in Bi, . . . , B^. Thus 

(axst + . . . + a k s k ) f {Ai}>{B . } (st, . . . ,s k )= E s™ 1 . . . s£ fc F m> ... >nk , {Bi}) , 

where the coefficients 

F m ,..., nfc ({A},{A}) = E < : --^r'^r:;X((\ < V ! (3.77) 

are polyhomogeneous in log Aj = ctjl + Cj of orders rij and polylinear in B\, . . . , Bf. 
polynomials. The coefficient i*b,...,o ({^«} > {-^i}) is independent of {A{\ and it is equal 
to — res a (B l7 . . . , B k ). For YlPi — Q < — dim M (q G Z) this coefficient is equal to 
zero. 

Remark 3.19. Invertible elliptic operators Aj, A in (3.73), (3.74) can have different 
logarithms in tll(M,E). Let ordA 7^ 0. Then by Remark |3.7| , 2., and by Proposi- 



tions pA{ p75| we conclude that 

Ca,b(s) := TR (P^T S ) /r(sordA - ordP - dimM) (3.78) 

is an entire function of s and of log A G tll(M,E) linear in B G CL m (M,E) and 
depending on a holomorphic family A~ s . u Note that TR is canonically defined 
for sord A — ordB ^ Z (and also for sordA — ordi? = m G Z, m > dimM). 
But the proof of Proposition |3]4| gives us the regularity of (3.78) for all s G C. 
The value of (a,b{s) for s = m G Z depends on A, 5, m but not on log A. (If 
q := — mordA + ordP G Z, then the latter assertion follows from Proposition |3.4j , 
(3.17). If q ^ Z, then it follows from the definition of TR becase this definition 
does not use any analytic continuations.) So the values of Ca,b(^i) at m G Z as of a 
function on cK(M, £7) 9 log A are the same at all different log A (for a given A). 
So we have a power expansion of (a,b(s) 

Ca,b(s)= E ^(B,^), (3-79) 
fcez+uo 

where (5, A ) is the s fc -coefficient (as s — > 0) for TR (Pexp (— (sZ + A ))) /T(sa— 
P-n), P := ordS, n := dimM. Here, log A := al + A , a G C, / G e[[(M,P) is a 
logarithm of an order one elliptic PDO, A G CL°(M,E). Note that P k is an entire 
function in A linear in B G CL(M, E). The series (3.79) is convergent for all s G C. 
As well as in (3.75) we have 

P k (B,A ) = E Pk,m(B,A ), 

fc,mgZ + U0 



34 



That is (a,b(s) is defined by log A, B, s. 
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where Pk, m are homogeneous polynomials of order m in A linear in B. So 

UM= E s k+m a k P k , m (B,A ). (3.80) 

fc,m€Z + U0 

The coefficient E k +m=r a k h, m (B, A ) in (3.80) is a homogeneous polynomial of order 
r in (a,A ) (i.e., in log A) and it is linear in B. The values of the convergent series 
(3.80) at s G Z are equal for different log A = al + A G tU(M, E) of A. 
The analogous assertion is true for 

./W.LBdt 8 ) : = iW,{B l} (s)/r (-dimM - £ (s.ordA, + ordi?,)) . (3.81) 

Here, f{A x },{B x }(s) is defined by (3.73), s := (s 1; . . . ,s k ) G C fe . The function (3.81) is 
an entire function of s, {-Bj}, {logAj}. (However /{A i },{B l }( s ) depends on logAj and 
not on Ai only.) For s G Z fc the values 7{A i },{B l }( s ) on {l°g^i} £ eII(M, E) fc do not 
depend on log Ai and depend on {Ai} only. So this function has the same values at 
all the points {log Ai} G e(((M, i?) fc , where the i-th component of a vector {log Ai} is 
any log A. 

4. Multiplicative property for determinants on odd-dimensional 

manifolds 

The symbol <r(P)(x,£) of a differential operator P G CL d (M, E), d G Z + U 0, 
is polynomial in £. Hence <7fc(P)(x, £) is not only positive homogeneous in £ (i.e., 
ak(P)(x, t£) = t h ak{P){x ) i) for t G R*) but it also possesses the property 

(7 fc (P)(x,-0 = (-1)* (T fc (P)(x,0. (4-1) 

This property of a symbol cr(A) makes sense for A G CL m (M, E), where m G Z. The 
condition (4.1) is invariant under a change of local coordinates on M. Hence it is 
enough to check it for a fixed finite cover of M by local charts. 

Denote by CL^ 1} (M, E) the class of PDOs from CL m (M, E) whose symbols pos- 
sess the property (4.1) (for m G Z). We call operators from CL'_^(M,E) the odd 
class operators. 

Remark 4.1. Let A G CL^JM, E), m G Z, be an invertible elliptic operator. Let 
all the eigenvalues of its principal symbol a m (A)(x,£) have positive real parts for 
£ 7^ 0. Then m is an even integer, m — 21, I G Z. 

iZemarA; 4.2. Let A G CLp 1} (M, P) and £ G C7Lp 1} (M, P), mi ,m 2 G Z. Then 
Afi G CL^jt^M, P). If besides P is an invertible elliptic operator, then B' 1 G 
CL(™(M,E) and AP" 1 G CL™™(M,E). 

The following proposition defines a canonical trace for odd class PDOs on odd- 
dimensional manifold M. 
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Proposition 4.1. Let A G C 'L^JM E) , m eZ, be an odd class PDO. Let C be any 

odd class elliptic PDO C G E\f q (M, E)nCLf_ 1) (M, E), q G Z +; 2q > m, sufficiently 
close to positive definite and self-adjoint PDOs. Then a generalized "YW-zeta- function 
TR (AC(~y\ is regular at s = 0. Its value at s = 



TR(Aq-)| s=0 =:Tr ( _ 1) (A) (4.2) 
is independent of C. We call it the canonical trace of A. 



Proof. 1. By Proposition |3^4| and by Remark |3.6j the TR ( AC^j has a meromorphic 
continuation to the whole complex plane C 3 s and its residue at s = is equal to 



— res a(A) (where res is the noncommutative residue, [Wo2], [|Kas|| ). By Remark 4J5 
below, res<r(v4) = for any odd class PDO A on an odd-dimensional manifold M. 

2. Let B e Elljf(M, E) n CLf_ x) {M, E), r G Z + , be another positive definite odd 
class elliptic operator. Then by Corollary |2.2| , (2.23), and by Remark we have 

TR (AC^) - TR (AB^) = Tr (AC-) - Tr (AB-) for Re s » 1, 

Tr (A (eg - Sg)) [ =o = - (a(A), a (log w C)/2q-a (log w b)^)^ . 

(Note that (2.23) is valid for any Q G CL m (M } E), m G Z.) Applying Corollary fO| 
below, (4.14), (4.15), to pairs (CB,B) and (CB,C), we obtain 

log w C/2q - log w 5/2r G CL\_ X) {M, E). 

Hence on the right in (4.3) we have a product of odd class symbols. By Remark 4J) 
the residue res of this product is equal to zero (as M is odd-dimensional). Thus 
TR (AC^) | s=0 = TR (AB^) \ s=0 . □ 

Remark 4.3. Let A G CL9_ X JM, E) be an odd class operator on an odd-dimensional 

manifold M. Then 35 exp(zA) G CL? ^(M, £?) n E11°(M,£) is a holomorphic family 
of odd class elliptic operators of zero orders. By Proposition |4.1| 



Tr(_i) exp(zA) := TR (exp(zA)C$) \ s=0 (4.4) 

is defined for z G C. It is an entire function of z G C since by (4.4) and by the 
equalities analogous to (2.25), (2.26) we have 

<9 2 Tr ( _i)(exp(2:v4)) = Tr ( _i)(v4exp(2;A)), 
c\Tr { _ l) (exp(zA)) = 0. 

The problem is to estimate the entire function exp(zA) as \z\ — > oo. Note that in 
general the spectrum Spec A contains a continuous part. So the nature of the entire 
function Tr/].) exp(zA) is different from the Dirichlet series. 



35 A PDO exp(zA) is defined by (3.30). 
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Theorem 4.1. Let M be an odd- dimensional smooth closed manifold. Let A G 
CL^ 1} (M, E) and B G CL™ 2 1} (M, E) be mvertible elliptic PDOs (where m 1 ,m 2 , m x + 
m 2 6Z\0j. Let their principal symbols o mi ( A) (x,£) and a m2 (B)(x,£) be sufficiently 
close to positive definite self-adjoint ones. Then det^)(A), det(~\(B) and det(*)(AB) 
are defined (with the help of zeta- functions with the cut Lr^ of the spectral plane close 
to L(p\). We have 

det w (AB) =det (#) (A)det w (B). (4.5) 



Corollary 4.1. Let A G CL\_ X) {M, E) n Ell{j(M, E) =: EllJ_ 1) (M, E) be an mvert- 
ible zero order elliptic PDO on a closed odd- dimensional M such that its principal 
symbol ao(A)(x,£) is sufficiently close to a positive definite self-adjoint symbol. Then 
such PDO A of zero order has a correctly defined determinant. Namely 

det w (A) := det (jf) (AB)/det (#) ( J B) (4.6) 

for an arbitrary invertible elliptic B G CVp^M, E), m G Z +; such that its principal 
symbol is sufficiently close to a positive definite self-adjoint symbol. 

The correctness of the definition (4.6) follows from the multiplicative property 
(4.5). Indeed, for two such elliptic operators B G El\% l (M,E) n CL^^M, E) , 
C G Ell™ 2 (M, E) n CL™ 2 1} (M,E), m u m 2 eZ + , we have 

det(«)(AB)/det ( *)(fl) = det w (AC)/det w (C) = det w (C7L)/det w (C) 
as (by (4.5)) we have 

det(#)(AB)det( ff )(C) = det (jv) (CAB) = det {jT) (B)det (jr) (CA). 



Corollary 4.2. The multiplicative property holds for odd class elliptic PDOs A, B G 
ElL-n (M, E) sufficiently close to positive definite self-adjoint ones (M is closed and 
odd- dimensional). Namely 

det w (AB) =det ( *)(A)det ( * ) ( J B). (4.7) 

Indeed, let C = C1C2 be a product of positive definite self-adjoint odd class elliptic 
PDOs on M of positive orders. Then by Theorem [4.i| , (4.5), we have 

det ( *)(AB) = det w {ABG X G 2 ) /det w (CiC 2 ) = 

= det w (C 2 A) det w (fid) /det w (d) det (#) (C 2 ) = det w (A)det w (5). (4.8) 
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Remark 4.4. Let A* be an adjoint operator to A e EILI^ (M, E), m e Z, and let 
M be close and odd-dimensional. Let A be sufficiently close to a positive definite 
self-adjoint one (with respect to some positive density and to a Hermitian structure). 
Then 



det ( *)CA*)=det(*)(A). (4.9) 



Remark 4.5. Let A be a PDO of the odd class CL^_^(M,E), m e Z, on odd- 
dimensional manifold. Then the noncommutative residue of A is equal to zero, 
resa(A) = 0. 

To prove this equality, note that since M is odd-dimensional, the density res x cr(A) 
(corresponding to the noncommutative residue of A) on M is the identity zero. In- 
deed, the density res x a(A) at x G M is represented in any local coordinates U 3 x 
on M by the integral over the fiber S*M over x (of the cospherical fiber bundle for 
M) of the homogeneous component o~^ n (A), n := dimM. Since n is odd, we have 

<r- n (A)(x, -£) = —a- n (A)(x,£). 

Thus we have to integrate over S*M the product of an odd (with respect to the center 
of the sphere S*M) function cr_ n (A)(x,£) and a natural density on the unit sphere 
S*M. This integral res^ <j(A) is equal to zero. 

Remark 4.6. The equality (4.5) means that the multiplicative anomaly for elliptic 
operators (nearly positive and nearly self-adjoint) of the odd class is zero. To apply 
the general variation formula (2.18) of Proposition |2.1| to prove that the multiplica- 
tive anomaly is zero, we have to use deformations A t belonging to the odd class 
CL^_ 1} (M,E) n EB£(M,E). This is a rather restrictive condition. Note that for A 
and B from the odd class a deformation A t in the integral formula (2.20) for the 
multiplicative anomaly is not inside the odd class. For a deformation not inside the 
odd class we cannot conclude from (2.18) and (2.20) that F(A,B) = 1. 

Proposition 4.2. Let the principal symbol of rj e CUl^M^E) n E\\^(M,E) be 
sufficiently close to a positive definite self-adjoint one. Then the PDOs rft~s and 
log^-j T] defined by (2.31) and by (2.30) are from CL°(M,E) and they are odd class 
operators. 
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Proof of Proposition |4.2| . By (2.5) we see that 

((v - Ar 1 ) = Oo0?)o,o - a) -1 = (T ((v - Ar 1 ) & 
a -j ((v - Ar 1 ) (x,t,\) = 

= ((„ - A)-) ( £ - A)Z>>_, ((„ - A)-)) = 

i<j-l 

= (-l)V_,((r / -A)- 1 ) A). 
(Here, cr-j(r] — A) := cr-j{rj) — <5j,oA.) Thus we have 

a_, (77^) := JL ^ Afoa-j (fo - A)" 1 ) & A) = 

= (-l) i «--i(^))(*,-0- (4-11) 

Hence r,\^ G CL^M, E). 

By (4.10), we have log (ff) 77 G C lJ)_y(M , E) since 

( lo g« »?) 0> : = ^ ^ . lo g(s) A • ff-i ((77 - A) -1 ) (re, f , A)dA = 

= (-l) i o-_ i (log w » ? )( i r J -e). (4.12) 

The proposition is proved. □ 

The proof of Theorem O] is based on the assertions as follows. 

Proposition 4.3. Let Ai and A 2 be invertible elliptic operators of the odd class 
ElL™ 1} (M,£) := CUj*_^ (M, E) n E1P(M,£) ; m e Z\0, such that their principal 
symbols are sufficiently close to positive definite self-adjoint ones. Then 

\og m A, - log w A 2 G CL { _q(M, E). (4.13) 



Corollary 4.3. Let A G CU^ X) {M,E) and B G CL™^ (M, E) be invertible elliptic 
PDOs of the odd class and let their principal symbols a mi (A)(x,£) and a m2 (B)(x,£) 
be sufficiently close to positive definite self-adjoint ones. Let mi, 777,2, m\ +1712 G Z\0. 
Then the following PDO 

(m 1 +m 2 y 1 \og {jT) (AB)- m y\og {iT) (A) G CL°(M,E) (4.14) 

is defined and it belongs to CLr-^AMjE). By ^ 4.13 ^ and (4:.1A) we have also 

(m 1 +m 2 r 1 \og i , ) (AB)-myiog i , ] (B) G CL\_ X) {M,E). (4.15) 
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Remark 4.7. Proposition |4.2| and its proof are valid for any admissible spectral cut 
9 for <Jo{i]). Proposition [O] and Corollary [4.3| are valid for any admissible spectral 
cuts for A%, A 2 , AB, A, B. (The logarithms in (4.13), (4.14) are defined with respect 
to these spectral cuts. We do not use in the proofs that the cuts for A\ and for A 2 
in (4.14) are the same.) 



Remark 4.8. The proofs of Propositions [4.2|, [4.3| and Corollary fO] are done with using 



symbols of PDOs (but not the PDOs of the form (A — A) - themselves). Hence a 
spectral cut L{$) admissible for a ((A — A) _1 J (2;, £) can smoothly depend on a point 
(x,£) G S*M. However it has to be the same at the points (x,£) and (x, — £). Hence 
this spectral cut defines a smooth map 

9: P*M := S*M/{±1) -> S 1 = R/2nZ. (4.16) 

Here, (—1) transforms (x,£) G S*M into (x, — £). 

The map (4.16) has to be homotopic to a trivial one for a smooth family of branches 
\7 g i over points (x,£) G P*M in the formulas (4.11), (4.17) to exist. 

The condition of the existence of a field of admissible for the symbol cr{A) cuts 
(4.16) homotopic to a trivial field is analogous to the sufficient condition of the 
existence of a a(logA) given by Remark |T9] below. So Propositions |4.2j , |4.3| and 



Corollary [4.3| are valid in this more general situation of existing spectral cuts for 
a ((A — A) -1 ) depending on p G P*M. In this situation there exists a a(\ogA) 
defined with the help of this smooth field of spectral cuts. These fields of cuts may be 
different for AB and for A (or for A\ and A2) in Proposition O and in Corollary O. 



Proof of Corollary Q Indeed, set A x := A^ +m2 , A 2 := (AB)^. Then A U A 2 G 
Eirpi™ 1+m2) (M,E). So by (4.13) we have 

(mi + m 2 ) log (t) A - mi log^AS) = log (ff) A x - log (#) A 2 G CL^M, E). 

□ 

Proof of Proposition [0|. Because Ai G CL^ 1} (M,E) and A 2 G CL™ ^(M, E 1 ) 



(m is even), the formulas analogous to (4.10) hold for the homogeneous components 
of a ({A 1 - \y l ) and of a ({A 2 - A)^ 1 ). 36 Hence for Res > we have 



C"-2Zis- 



is-j (A-Q (x,0 := ^ j v X-a-^-i ((A, - A)" 1 ) (*,£, A)dA = 

= (-l) i (7_ all ._ i (AlJ t) )(x,-0. (4.17) 



36 For the sake of brievity we suppose here that mi = 2Zi and m2 = 2h are positive even numbers. 
If lx G Z_, we have to change (A — A) -1 by (A~ x — A) -1 and s by — s. 
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Here we use that since A G CL^J; X )(M, E), the formulas analogous to (4.10) are true 
for a ((A x - \y l ) (x,(, A). Namely 

((Ai - A)" 1 ) A) = (-l^V^- - A)" 1 ) (x,£, A). (4.18) 

According to (2.11) for j G Z + we have 

( lQ g(*) Ai) = -d s a-2i lS -j 
Hence by (4.17) we have for j G Z + 

a-i (log w A,) (x, -£) = (-l) j o-_,- (log w A x ) (x, £). 

The same equality holds for <r_j (\og^(A 2 )^, j G Z + . According to (2.11) and to 
(4.17) we have also 



s=0 



s=0 



s=0 



>,£/l£l) 



2,(*) 



s=0 



(x,e/|ei) e CL\_ X) (M,E)/CL{± X) (M,E). 



Hence log^) Ai — log^ v4 2 G CL? X \(M, E). The proposition is proved. □ 



Proof of Theorem |4.1| . By Remark [O , the orders m x = 21 x and m 2 = 2Z 2 of A 

and B are nonzero even integers. We have h,l2,h + h £ Z \ 0. By Remark |2.6| , 
(2.34), we have 



logF(A-B) 



, *f.w,).' 7(lOE(i)AB) ff(l0g,i) ' 4. 



2Zi + 2Z 2 



2l x 



(4.19) 



Here, Qt := A t A t 1 and v4 4 is a smooth family of operators between B 1 ^ 2 and A in the 
odd class elliptic operators such that the principal symbols 0^ (A t ) are sufficiently 
close to positive definite self-adjoint ones. 

The numbers m,\ and m 2 are even. So in the odd class elliptic PDOs we can find 
deformations A t and B t of A and 5 from A — A x and B = B x to (A M)E + Id)' 1 = v4 
and (Am,e + Id) 2 = B . Here, Am,e is the Laplacian on (M,g) corresponding to 
some unitary connection on (E,h E ). The deformations can be chosen so that the 
principal symbols a 2 h (A t ), a 2 i 2 (B t ) are sufficiently close to positive definite self- 
adjoint ones. Hence, applying the formula (4.19) twice (namely first to (At, B) and 
then to ( (A M>E + Id)' 1 , B^j), we have by Proposition [O] and by Remark 

F(A, B)=F ((A MjE + Id)' 1 , (A M , E + Id)' 2 ) = 0. 
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We can deduce from (4.19) that F(A,B) = using only one explicit deformation 
of A. Set n := A l ^B^ l \ A t := fesJ/J 2 )^, where rj^ is defined by (2.31). Let 
li G Z + . Then according to (2.6) we have 



O. 



(Here, Fr^ is the contour Tt$\ from (2.6) with 6 = tt close to tt. The integral on the 
right in (4.20) is absolutely convergent for l\ G 
Hence according to (4.20) and to (4.18) we have 

°-2-i (*,£) = ("1)^-2-, (^f) (*,-£), (4.21) 

i.e., we have A" 1 /' 1 G CL^ 1} (M,E) n E11q 2 (M,^) for l x G Z+. For h G Z_ we 
can conclude that A l/h G CL^ (M, £7) n E1L7 2 (M,£) (changing A~ 1/Zl by A 1//x in 
(4.20)). Hence according to Remark [4.2| , we have 

77 = A^B* 1 / 12 G CL(_y (M, E) n E11q(M, £7) . (4.22) 

By Proposition 4^ we conclude that 

rf {%) eCLl 1) (M,E)nE\\° (M,E), 

ri\ 9) B\^ G CLl^M, E) n ElljftAf, £). (4.23) 

A* G CL*1 X) {M : E) n E11^(M,E), Q t G CL\_ X) {M,E), 

According to (4.23), to Remark |4.2| , and to Corollary |4.3| , the operator 



is defined and it belongs to CL®_^(M, E). By the equality (4.19) and by Remark |4~5 
we have 

]ogF(A,B) = - Cdt [ res, a (G t ) = 0. 

JO JM 

Thus det(7t-)(AS) = det(^)(A) det^)(S). Theorem |47T| is proved. □ 

4.1. Dirac operators. An important example of odd class elliptic operators is a 
family of the Dirac operators D = D(M, E, g, h) on a spinor odd- dimensional closed 
manifold M (with a given spinor structure). The Dirac operator D acts on the space 
of global smooth sections T(S ® E) 

£ = £e,V e! . (4.24) 

Here, S is a spinor bundle on M, (E, h) is a Hermitian vector bundle on M, {ej} 
is a local orthonormal basis in T X M (with respect to a Riemannian metric g), V = 
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1® V H + V £ ® 1, V R is the Riemannian connection (for g), V E is a unitary connection 
on (E, h), Ci (V ei /) is the Clifford multiplication. The family {D} of Dirac operators 
is parametrized by g and by V s . 

The operator D g yE is a formally self-adjoint (with respect to the natural scalar 
product on T(S ® E) defined by g and by h) elliptic differential operator of the first 
order. Its spectrum Spec(D) is discrete. All the eigenvalues A of D g V E are real. 
However Spec(D) has infinite number of points from M + as well as points from R_. 

For the sake of simplicity suppose that Di and D 2 are invertible Dirac operators 
corresponding to the same Riemannian metric g and to sufficiently close (vf, hij, 

(Vf,/i 2 ). 37 Then the operator D X D 2 G Elf Q (M,E) C CLjL 1} (M,£) is an invertible 
elliptic operator with positive real parts of all the eigenvalues of its principal symbol 
a 2 (DiD 2 ). Hence for any pairs (Dx,D 2 ) and (DJ,^) of sufficiently close elements 
of the family D g ^E Theorem |4.1| claims that 

det (ff) (D 1 D 2 )det (#) (Di^) = det^ ) (D 1 D 2 D[D' 2 ). (4.25) 

Let all four Dirac operators (Di, D 2 , D[, D' 2 ) be sufficiently close. Then we have 

det w ( J D lJ D 2 )det (s) ( J D / 1 ^) = det^D.D^det^D^). (4.26) 

Indeed, according to (4.25) we have 

det (ff) (Di£) 2 )det (ff )(Diiy 2 ) = det ^(D^D'.D'J = det^D'^D^) = 

= det (#) (L> 2 D 1 )det (ff) (L> 2 L>i) = det w (L> 1 L> 2 )det w (D 2J Di)- (4.27) 
The equality (4.26) can be written in the form 

(det{D x D 2 ) de%{D x D' 2 )\ 
rk , , s , , 1=1. (4.28) 

Hence, if all the Dirac operators parametrized by a set U C {(V E , h)} are sufficiently 
close one to another, we see that the matrix 

A v := (4n.ua) := (det w (D Ul D U2 )^j 

is a rank one matrix. Hence there are scalar functions f(u) on U such that 

det w (D U1 D U2 ) = A UliU2 =: /( Ul )/(w 2 ). (4.29) 



3 If a Riemannian metric g on M varies, then the spinor bundles Sr g ) on M also varies, i.e., to 
identify the spaces T(S( gi ) ® E) and r(S( ff2 ) ® E) we have to use a connection in the directions {g} 
on the total vector bundle S{ g y over M x {<?}. Here, {g} is the space of smooth Riemannian metrics 
on M. 



54 MAXIM KONTSEVICH AND SIMEON VISHIK 

For instance, for U\ = w 2 £ U we have 



/(u) = e(u) (det (7r) , e(u) = ±1. 



i/ 2 (4-30) 



The operator is a positive definite elliptic operator from CL^-^JM, E). (It can 
have a nontrivial kernel Ker D 2 = Ker D u , dimKer/^u < oo.) The sign e(u) has 
to be a definite number for Ker D u = 0. Hence det^) (-D^) £ ^+ U (because the 
spectrum of D\ is real and discrete). This determinant belongs to M + if Ker D Ul = 0. 

Corollary 4.4. For any pair of Dirac operators D Ul , D U2 , Uj G U , we have 

det w (D U1 D U2 ) e R. 
Let besides D u , be invertible. Then det(s-) (D Ul D U2 ) G R x and we have 

det (t) (£> Ul = £(«i)£(« 2 ) (det w (r^)) 1/2 (det w (d 2 U2 )) 1/2 . (4.31) 
T/ie determinants on the right belongs to R + . 

Remark 4.9. The function e(u) = ±1 is constant on the connected components of 
U\{u G U,KerD u ^ 0}. 

If in a smooth one-parameter family D u m (t is a local parameter near G M.) only 
one eigenvalue X(t) for D u m (of multiplicity one) crosses the origin G R 3 A at 
t = t transversally (i.e., d t \ u (t)\ t =t ^ 0), then the sign e(u(t)) = ±1 changes at 
t — to to an opposite one. 

Remark 4.10. It follows from (4.30) that 

|/(«)| = (det w (l^)) 1/a (4.32) 

is a globally defined function of u G jg, (\/ E ,hj^. The sign e(u) = ±1 can be 

defined as a locally constant continuous function on the set u G {g, (V s , /i)} such 
that Ker D u = 0. The last assertion follows from Remark |4.9] and from the equality 
to zero of the corresponding spectral flow |[APS3||. 



Lemma 4.1. The spectral flow SF [D{u(<p)}) is equal to zero for a family D u ^ of 
the Dirac operators parametrized by a smooth map (p: S 1 —> (g, (V E , h)\. 
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Proof. Theorem 7.4 from [|APS3|| (p. 94) computes the spectral flow SF (D{ y y^ for a 
family D{ y y of Dirac operators parametrized by a circle. Namely for Dirac operators 
D y = D y \ M y} E\M y ^J on the fibers of a smooth fibration n: P — > S 1 with closed 
spinor, odd-dimensional and oriented fibers M y := 7T~ 1 (y). These Dirac operators act 
in T (^F y (g) E\ M y j , where F y is the spinor bundle on M y and E — > P is a Hermitian 

vector bundle with a unitary connection V B . This theorem claims that SF (^D^yj = 
— indD + , where D + : r(F + ® P) — > ® P) is the Dirac operator on an even- 

dimensional spinor manifold P (with orientation (d y ,e), where e is an orientation 
basis in T x M y ). Hence by the Atiyah-Singer index theorem we have 

SF (D {y} ) =-{A (T(P)) ch(E)) [P], (4.33) 

where A is the A-genus, T(P) is the tangent bundle. In our case P = M yo x S 1 is 
a canonical direct product and E = Tf^Eyo (for the projection 7r 2 : P — > M yo ). Hence 
the right side in (4.33) is equal to zero. □ 
Thus we obtain the following result. 

Theorem 4.2. Let D{ u } be a family of Dirac operators D u = D u (M, on an odd- 
dimensional closed spinor manifold (M, g) corresponding to a Hermitian structure h u 
on a vector bundle E — > M and to unitary connections on (E,h). Then there 
exists a function e(u) = ±1 defined for u such that ~Kei D u ^ ; continuous and 
locally constant for these u, and such that 

det w (D U1 D U2 ) = e{u x )e{u 2 ) (det w (d 2 Ui )) 1 ' 2 (det w (D^))^ (4.34) 

for all pairs U\, u<i of sufficiently close parameters in the family -D{ u }. (The square 
roots on the right in (4.34) are arithmetical.) 

Remark 4.11. For a family of Dirac operators D u on an odd- dimensional closed spinor 
manifold M the expression on the right in (4.31) makes sense for all pairs (ui,^), 
Uj G j<7, (y E , h)\ according to Remarks ]4.9[ [4. 10| , and to Lemma ]4.1\ . However we 



don't claim that the expression on the left in (4.31) also makes sense. The expression 
on the right in (4.31) may be proposed as one of possible definitions of det (D Ul D U2 ) 
for a pair (Du^) of Dirac operators corresponding to (M, E, gj, hj). 

4.2. Determinants of products of odd class elliptic operators. Note that the 
assertion (4.31) can be generalized as follows. 

Proposition 4.4. Let D u , u &U , be a smooth family of elliptic differential operators 
acting on the sections T(E) of a smooth vector bundle E over a closed odd- dimensional 
manifold M. Let D u be (formally) self-adjoint with respect to a scalar product on 
T(E) defined by a smooth positive density p(u) on M and by a Hermitian structure 
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h(u) on E. Let for any pair Ui,u 2 G U the principal symbol a 2 (D U1 D U2 ) (x, £) be 
sufficiently close to a positive definite self-adjoint symbol. Then the equality (4.31) 
with e(uj) = ±1 holds for det(^) (D Ul D U2 ). The elliptic operator D Ul D U2 for general 
(u\, u%) is not a self-adjoint but (according to ( 4.31)) its determinant is a real number 
for sufficiently close u\, u 2 . Remark |Q| is also true for the family D u , u G U . 



Proposition 4.5. The equality analogous to (4.31) is also valid for a smooth family 
D u , ueU,of (formally) self-adjoint elliptic PDOs from E11^ 1} (M, E) : = Ell m (M, E)n 
CL^^M, E) , m G Z + . Then the principal symbols a 2m (D ul D U2 ) are sufficiently 
close to positive definite ones for (ui, u 2 ) in a neighborhood of the diagonal in U x U. 
So in particular for such (ui,u 2 ) we have det(ff) (D Ul D U2 ) G E. (But D Ul D U2 is not 
self-adjoint in general.) However, in this case (as well as for families D u from Propo- 
sition \4.4\ ), the assertion of Lemma [4.1| is not valid in general. So in these cases the 
appropriate spectral flows are not identity zeroes. Hence in general the factors e(u) 
in ( 4.31 ) are not globally defined for such families. 



Proposition 4.6. Let D u , u G U , be a smooth family of PDOs from Ell™ y(M',E,F), 
m G Z_|_. (This class consists of elliptic PDOs acting from T(E) to T(F) and such that 
their symbols possess the property analogous to ( 4.1).) Suppose that a smooth positive 
density on M and Hermitian structures on E, F are given. Then a family V u := D* 
(adjoint to the family D u ) is defined, V u is a smooth family from Ell™ ^(M; F, E). 
The assertion analogous to ( 4.31 ) is valid in the form 

det(#) (V Ul D U2 ) = e(ui)e (u 2 ) (det w (V U1 D U1 )) (det w (V U2 D U2 )) (4.35) 

for any sufficiently close u\,u 2 G U. The factors e {uf) in (4.35) are ±1. However, 
they are not globally defined on U for a general family D u . 

Proof of Proposition |4T6] . Set A UliU2 := det(^) (V Ul D U2 ) for u\, u 2 from a sufficiently 
close neighborhood of the diagonal in U x U. (For such (ui, u 2 ) the principal symbol 
of V Ul D U2 is sufficiently close to positive definite definite ones.) Then the matrix 
(Aii,« 2 ) (f° r sucn P a i rs ( M i) M 2)) has the rank one. Indeed, for any four sufficiently 
close (iii, u 2 , U3, U4) such that D Uj , V u . are invertible we have by (4.25) 

Au\,u2-^u-i,,u4, = det(jf) (V U1 D U2 V U3 D U4 ) = det(^-) \D U4 V U1 D U2 V U3 ) = 

= det(^) (-D^^ii!) dct (tt) yD U2 V U3 ) — A uljUi A U3 ^ U2 . 

Hence we have 

det^) (V Ul D U2 ) =: k (m) k (u 2 ) , det w (V Ul D Ul ) = k (uif . 
The proposition is proved. □ 



DETERMINANTS OF ELLIPTIC PSEUDO-DIFFERENTIAL OPERATORS 



57 



Remark 4.12. A geometrical origin of Dirac operators manifests itself in the struc- 
ture of the determinants of their products (Theorem |4.2j , (4.34)). (Here, M is odd- 
dimensional.) Namely the structure of the expression for such determinants of prod- 
ucts of odd class elliptic PDOs on M (Proposition [4.6| , (4.35)). However the factors 
e (uj) in (4.35) cannot in general be globally defined. Indeed, in general the spectral 
flow for a family of odd class elliptic PDOs on M (parametrized by a circle S 1 ) is 
nonzero. So for such a family the multiple e (u t ) cannot be defined as a locally con- 
stant function of t G S l such that the corresponding operators are invertible. The 
corresponding spectral flow for a family of Dirac operators on M (parametrized by 
S 1 ) is zero (Lemma |4.1| ). This fact is connected with the geometrical origin of Dirac 
operators. 

4.3. Determinants of multiplication operators. Let M be an odd-dimensional 
closed manifold. Let E be a finite-dimensional smooth vector bundle over M. Let 
Q G End E be a smooth fiberwise endomorphism of E such that for any x G M all 
the eigenvalues \i(Q x ) possess the property 

\lm\i{Q x )\ < vr -e,e > 0. (4.36) 
Then for all the eigenvalues Aj (exp(tQ x )) for < t < 1 we have 

|argAj (exp(tQ x ))\ <ix -e. 
The determinant det(„-)(exp Q) is defined according to (4.6) by 

det (7r )(exp(5) := det( 7r )(AexpQ)/det( 7r) (A), (4.37) 

where A := A + Id. 38 Here, A is the Laplacian A := A g V B on T(E) corresponding 
to a Riemannian metric g on M and to a unitary connection V B on (E, h). Then we 
have 

det w (expQ) := det w (expQ ■ (A + Id)) /det w (A + Id). (4.38) 
For < t < 1 we have an analogous definition 

det w (exp(tg)) := det w (exp(tQ)A) /det (7r) (A) =: F(Q,t). (4.39) 
Thus we have F(Q, 0) = 1, 

dtlog F(Q,t) = -<9 t d s Tr((exp(tQ) ■ (A + Id))- S ) [ =q = 

= (l + ^ s )Tr(g(exp(tg)-(A + Id))- s ) = / tr (Q(x)K tiS (x,x)) , (4.40) 



38 We use the fact that a principal symbol of the Laplacian is scalar. Namely 

a 2 (A)(x,£) = cr 2 (A M )(x,£) OldB, 

where Am is the Laplacian for scalar functions on (M,g). Hence tT2(exp(t<5) • A) possesses a cut 
L(tt) for < t < 1. 



58 



MAXIM KONTSEVICH AND SIMEON VISHIK 



where K ttS (x,x) is an analytic continuation in s from the domain Res > dimM/2 
of the restriction to the diagonal the kernel of (A + Id)~ s . Set Aij '■— exp(tQ) ■ A\. 
Then we have (El, ICa) 



K ts (x,x 



= a {x, A t ), 



where ao is the r°-coefficient in the asymptotic expansion as r — > +0 for the kernel 
on the diagonal P Tt (x,x) of the operator exp(— rA t ). Since A t is an elliptic DO of 
the second order and since all the real parts of all the eigenvalues Aj {a 2 {At){x, £)) 



are positive (for £ 7^ 0), there is ( ||Gi|| ) an asymptotic expansion as r — > +0 



P Tit (x, x) ~ a_ n (x, A t )T- n/2 + a_ {n _ 2) (x, A^t 1 n/2 + . . . + 

+ a_i(x, A)r" 1/2 + ai(x, A)r 1/2 + . . . (4.41) 



Hence we have 

ao(ar, A t ) = 0, d t log F(Q, t) = 0, (4.42) 
det (7r) exp(Q) = 1. (4.43) 

Thus we obtain the following. 

Proposition 4.7. The determinant of a multiplication operator on an odd- dimensio- 
nal closed manifold is equal to one. 



Remark 4.13. To see that the coefficients of are zero, 

it is enough to note that the coefficient of r~^~ n ^ 2 is defined by a noncommutative 
residue density res,, of the symbol a (X" (i " n)/2 ) ( [ghj Ch. II, (12.5)). If n - j/2 = 
k G Z + , then we have 

<x_ 2fc _, ( V) (a, = f / A-Wi ((A - A)" 1 ) (s, o. 
Since A 4 G CL 2 _^(M, E), we obtain (as in the proof of Theorem 

(V) (*,"£) = (V) (*,£)• 

Hence res x a (A^ = 0. 
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4.4. Absolute value determinants. Let A be an invertible elliptic differential 
operator on an odd-dimensional closed manifold M, A G ~E\\ d (M,E) C CL d (M,E), 
d G Z+. Then we can define 

| det \A := {det{A*A)) 1/2 G R+, (4.44) 

where A* is adjoint to A with respect to a scalar product on T(E) defined by a smooth 
positive density p on M and by a Hermitian structure h on i?. 

Remark 4.14. The determinant on the right in (4.44) is independent of p and of h. 
Indeed, let a pair (pi, hi) be changed by (p 2 , ^2)- Then 

^ = Q~ 1a %.mQ> ( 4 - 45 ) 

where Q G Aut (E ® A n T*M), n = dimM, is defined by (A, / 2 ) P2 , h2 = (A, Qf 2 ) P1 ,h 1 - 
The operator Q belongs to CL?^ (M, S) and for (p 2 , ^2) close to (p 1; fox) this operator 
is close to Id. Hence for (p2,/i 2 ) close to (pi,hi) we have by Theorem |4.1| and by 
Proposition |~7 



det W (A* P2M A) = det w (Q-^^QA) = 

= det w (A; i)ftl QA) = det w = 

= det w (AA* piM ) = det w (A; iiftl A) . (4.46) 

The equality (4.46) was obtained in [ ijch|J . 

Proposition 4.8. The functional A — > | det |A zs multiplicative, i.e., for a pair 
(A,B) of elliptic differential operators in T(E) on an odd- dimensional closed M we 
have 

I det I (AS) = I det |A • |det|S. (4.47) 



Proof. By Theorem |4.1| we have the following expression for (| det |(AS)) 

det (#) (B*A*AB) = det w (SB* A* A) = det w (A* A) det w (SS*) = 

= (| det I A ■ |det|S) 2 . (4.48) 

□ 

Remark 4.15. All the assertions about absolute value determinants given above are 
true also for elliptic PDOs from C 'LT-^AM , E) , m G Z, on a closed odd-dimensional 
manifold M. 
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For m = the operator A* A, where A G CL^_^(M,E), is a self-adjoint positive 
definite PDO from C 'Dj^JM , E) . Hence its determinant is defined by (4.6) as 

(| det \Af := det {n) (A*A) := det w (A* A (A E + Id)) /det w (A E + Id) , (4.49) 

where A E is the Laplacian for (M,g,E,V E ,h) (Ve is an /i-unitary connection on 
(E, h) and g is a Riemannian metric on M). 

Thus absolute value determinants are defined for all elliptic PDOs A of odd class 
CL*_^(M, E) fl E11*(M, E) on a closed odd-dimensional M. All the assertions about 
| det | A given above are true for such PDOs A. 

Let A be an invertible elliptic PDO from Ell™ ^(M; E,F),mE Z+. (This class is 
introduced in Proposition fO|) Let a smooth positive density p on M and Hermitian 
structures h E , hp on E, F be defined. Then the operator A* is defined, and the 
absolute value determinant of A is defined by 

| det \A : = (det {A*A)) 1/2 e R+. 

Remark 4.16. This absolute value determinant is independent of p, h E , hp- Indeed, 
under small deformations of p, h E , hp, the operator A* transforms to QiA*Q 2 , where 
Qj are the automorphism operators of the appropriate vector bundles and Qj are 
sufficiently close to Id. So by Proposition [4.7] and by Theorem |4.1| we can produce 
equalities similar to (4.46). Hence det (A* A) is independent of (p, h E , hp). (Note 
that the set of (p,h E ,hp) is convex and so it is a connected set.) 

Proposition 4.9. An absolute value determinant is multiplicative, i.e., for invertible 
elliptic PDOs of the odd class A e Ell^ (M; E, Fx), B G Ell™ 2 1} (M; F u F 2 ) we have 

\det\AB = \det\A- \det\B. (4.50) 



Proof. The equalities (4.48) are applicable in this case. □ 

Remark 4.17. The absolute value determinant | det \A is canonically defined for A G 
EU7L 1 j(M; E, F) for any m G Z. Indeed, this determinant is defined for m G Z \ 0. 
For m = it is defined by (4.49). The multiplicative property (4.50) holds for 
absolute value determinants of the odd class elliptic PDOs on an odd-dimensional 
closed manifold having arbitrary orders. 
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4.5. A holomorphic on the space of PDOs determinant and its mon- 
odromy. 

Proposition 4.10. The function (| det \A) 2 on the space Ell m (M, E)nCL r { n _ 1) (M, E), 

m G Z ; on an odd- dimensional closed manifold M is equal to |/(v4)| 2 ; where f is a 
multi-valued analytic function on the space of elliptic pseudo-differential operators 
from CL™ X) (M, E), i.e., on Ell m (M, E) n CL™ 1} (M, E). 



Proposition 4.11. The assertion (| det \A) 2 = |/(y4)| 2 of Proposition [4.10| holds f< 



for 



A G Ell(_i) (M; E , F) . (This class is introduced in Proposition |4.6| . ) Here, f(A) is a 
holomorphic in A multi-valued function on the space Ellj^ (M; E, F) . 

The proofs of these propositions are in the end of this subsection. 

Remark 4.18. A natural complex structure on the space EllTL^Mj-E) \= C LJ^^iM ,E)P\ 
Ell m (M, E) =: X is defined as follows. Note that X is a fiber bundle over the space 
of principal symbols SEUJL 1) (M, E)/CS^(M, E) := psf_ x) (M,E). Its fiber is the 
space Ellj d ^_ 1 -j (M, E) := Id+CLT^JM, E) of zero order elliptic operators with the 
principal symbol Id. The fiber has a natural structure of an afline linear space 
over C. Let the order m be even. Then the complex structure on ps^^(M, E) = 
Aut (tt*E\p* m ) 39 is induced by complex linear structures of fibers ir*E\ P * M . Let 
s G psTty (M, E) . Then T s Aut (tt*E\ p * m ) = End (tt*E\ p * m ) has a natural structure 
of an infinite-dimensional space C. (Any v G End (it*E\p*m) defines the tangent 
vector vs G T s Aut (tt*E\p*m)-) This complex structure on the tangent bundle to the 
group Aut (it*E\p*m) ='■ G is invariant under right multiplications vs —>■ vss± and 
under left multiplications vs — > Ad Sl v ■ sis on elements s± G G. So Aut (tt*E\p*m) is 
an infinite-dimensional complex manifold. 

Let X x be the space of invertible elliptic operators from X. Then the group 
H x := Ellj d X /_ ]\(M, E) of invertible operators from Ell Id X /_ X \(M, E) acts on X x from 
the right, R^: x —> xh for /i6ff x ,i6l x . This action defines a principal fibration 
q: X x -> G with the fiber H x . The group H x acts from the left on Ell^.^M, E), 
Lh- y — > h~ x y, and X is canonically the total space of the bundle associated with the 
principal bundle q. The complex structure on Ell^j/^ (M, E) (defined by a natural 
C-structure on CLT^JM, E)) is invariant under this action of H x . 

The natural complex structure on T(X X ) is defined by the natural C-structure 
on CLy_y(M, E) = T Id X x (where X X corresponds to the case m — 0) under the 
identification T A X X T Id X x , 5 A G T A X X -> A" 1 G T Id X x . (Here, A G X x .) 



X 



The complex structure on Ti d X x is invariant under the adjoint action of the X, 
on Ti d X x . Hence X X is an analytic infinite-dimensional manifold. The complex 



39 Here, P*M := Ass (^M^P 71 - 1 ), and tt: P*M M is a natural projection. 
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structure on T (X X J (induced from X X ) is invariant under the natural left and right 
actions of the elements of X X on X x . So X x possesses a natural structure of an 
infinite-dimensional complex manifold. This complex structure together with the 
complex structure on the fibers Ell Id f_-n(M, E) of the associated vector bundle de- 
fines a natural structure of an infinite-dimensional complex manifold on X. This 
structure is in accordance with the complex structures on the base G and on the 
fibers Ellj d (_ 1 )(M, E) of the natural fibration X — > G. 

Let m G Z be odd. Then any invertible elliptic operator A e X m gives us the 
isomorphism A" 1 : X m > X , x — > A~ 1 x. The complex structure on X defines a 

complex structure on X m . The induced complex structure on X m is independent of 
an invertible operator A from X m . 

A natural complex structure on Ell™ u(M; E, E) is induced by the identification 

Ell™ ^(M, E) ^ E11^ 1) (M; E, E) (4.51) 

given by multiplying by an invertible operator A e Ell/ ^(M; £?, F). 

Proposition 4.12. Let a branch of the holomorphic determinant f{A), Proposi- 
tion ELTOl , 6e egwa/ to det w (A m + Id) at the point A := + Id e Ellp 1)0 (M, £?). 



fTMs can 6e done because the operator Ag + Id is self-adjoint and positive definite.) 
Then for any element A of Ell^y (M, E) sufficiently close to positive definite self- 
adjoint ones (with respect to a given smooth positive density on M and a Hermitian 
structure on E) we have 

det ( #)(A) = /(A). (4.52) 
(Here, det(^) is defined by an admissible for A cut.) 

Corollary 4.5. The equality ( 4.52 ) holds for PDOs A sufficiently close to a positive 
definite self-adjoint PDO (with respect to any smooth density and any Hermitian 
structure). 

Proof. For A'^ defined by any smooth density and any Hermitian structure we have 

| det | (A™ + Id) = det w (A™ + Id) . 

The set T> of these operators is connected in Ell?I™n q{M, E). A branch of f(A) and 
det(jf) (Ag + Id) are restrictions to this set of holomorphic functions which are equal 
in a neighborhood of a point A £ T>. Hence these functions are equal on T>. Then 
we can apply Proposition [4.12| for any Riemannian and Hermitian structures. □ 



The statement of Proposition [4. 1 2| follows immediately from Theorem ^4], Re- 
mark (03, (4.47), Corollary fO|, (4.7), Remark [O], (4.9), or from Lemma [O] (and 
from its proof (4.53)) below. 
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Lemma 4.2. The monodromy of the functions f(A) defined in Propositions 4.10 . 



4.11| is given by a homomorphism 

<p: K (Ass (T*M,RP n - l X) /tc*K(M) -> C 



where K = K° is the topological K -functor, tc: Ass (T*M, RP n x ) — > M is a fiber 
bundle with its fiber PP n_1 associated with T*M n (n := dimM). 



Proof of Lemma |4.2| . First we prove this assertion for f(A) defined on Ell™ ^(M,E). 
By the multiplicative property (4.47) of the absolute value determinants, it is enough 
to investigate monodromy of f(A) over a closed loop A t in Ell? -n (M, E) (k G Z + 
is fixed). Let E\ be a smooth bundle over M such that E © E% is isomorphic to 
a trivial A-dimensional complex vector bundle ljy, where N G Z + is large enough. 
Then the monodromy of f(A) over a loop (A t ) G fi 1 Ell^-^M, E) is the same as the 

monodromy of f(A) for (M, ljy) over a loop (A © (A El + ld) k ) G fi 1 E11^ 1} (M, 1 N ). 

(Indeed, / (At © (A El + Id) fe ) = c/ (A), where c 7^ is independent of t G [0, 1] 
and is defined up to a constant complex factor of absolute value one. We can set 
c:=det w ((A Bl +Id) fc ).) 

The group K 1 (Ass (T*M, i?P n_1 )) is in one-to-one correspondence with the con- 
nected components of the space Ell™ ^(M, ljy) of elliptic PDOs from CL™ ^(M, 1 N ) 

(rn is fixed). The fundamental group 7Ti (EU^^ (M, ljv)) = 7Ti (Ell^!) (M, 1^)) 
can be interpreted as follows. Let P G CL9_-^ (M, ljv) be a PDO-projector, i.e., 
P 2 = P G CL° and its symbol cr(P) belong to an odd class (4.1). (To remind, for 
cr(P) to be of this odd class, it is enough for all the homogeneous components of cx(P) 
to satisfy (4.1) in some local cover of M by coordinate charts.) The one-parametric 
cyclic subgroups exp(27ritP), < t < 1, (exp(27rzP) = Id) are the generators of 

7T! (EUf_ 1} (M,l N j). 

Indeed, it follows from the Bott periodicity that K° (Ass (T*M, PP"" 1 )) is canon- 
ically identified with tx x (GL n (C{X))) for X := Ass (T*M, PP n_1 ) and for JVeZ + 
large enough ( ||Co|| , II. 1). Here, C(X) is an algebra of continuous functions. Any 
continuous map tp: X x S 1 — > GL^(C) such that (p(X x a) = Id, a G S* 1 is 
fixed, is homotopic to a C°°-map in this class of continuous maps. So K°(X) (for 
A = Ass (T*M, PP™ -1 )) is the fundamental group of the space of principal symbols 
for operators from Ell? ^ (M, ljy). Finite type projective modules over C(X) =: A 
correspond canonically to finite rank vector bundles over X. For every such a module 
£ there exists a projector e G Mjy(A), e 2 = e, such that £ ~ {/ G M N (A),ef = /} 
(as a right A-module, A := C(X)). Such a projector corresponds to a projection 
p G End (7r* 1 jy ) from ir* 1 jy onto a finite rank vector bundle over X. Every such projec- 
tion p is homotopic to a C°°-projection. The space of elliptic operators ElljL-g (M, ljy) 
is homotopic to the space of their principal symbols. For every smooth projection 
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p G End (n*l N ) there exists a zero order PDO-projector / G CW_ x s (M, ljv) with the 
principal symbol p. (For projectors P from CL° (M, In) this assertion is proved in 

SO 

The principal symbol 0o(P) ='■ p defines a fiber-wise projector p G End (7t*1jv) of 
a trivial vector bundle 7t*1tv over Ass (T*M, PP n_1 ), p 2 = p. The image Im(p) 
of p is a smooth vector subbundle of 7t*1jv and Im(p) represents an element of 
K° (Ass (T*M, RP n ~ 1 )) and any element of this i^-functor can be represented as 
Im(p) for a projector p G End(7r*ljv), p 2 = p, under the condition that N G Z + is 
large enough. 

For any projector p G End (7t*1jv) there is a PDO-projector P G CL®_^ (M, ljv) 
with er (P) = p. (An analogous result is obtained in |[Wo3|| .) If Im(p) and Im(pi) 
represent the same element of K° (Ass (T*M, PP™ -1 )), then these projectors are ho- 
motopic (under the condition that N G Z + is large enough with respect to dim M and 
to rk(Im(p))). If the principal symbols p and p\ of PDO-projectors P and Pi (from 
CL°_ 1 j (M, ljv)) are homotopic, then exp(2mtP) and exp (2mtPi) define the same 

element of 7r a (Ell^ , _ 1) (M, 1^)). Hence the monodromy of f(A) on Ell 2 ^ (M, 1^) 
(A; G Z) defines a homomorphism 



: K° (Ass (T*M, RP n - 1 )) -> C x . (4.53) 

Indeed, the value of <y2 [Imp] for an element [Imp] G -ft' (Ass (T*M, PP" -1 )) =: i^, 
p = cr (P) (for a PDO-projector P from CL^_^ (M, ljy) and for G Z + large 
enough), is defined as the ratio 

exp(27rztP) o f (A)/f (A)\ t=i =: <A)([Imp]) e C x . (4.54) 

Here, /o(^4) is a branch of a multi-valued function /(A) near A and exp(27rztP) o 
fo(A)\t=i is the analytic continuation of /o(^4) along a closed curve Sp := exp(27utP)- 
^4-0) < t < 1. This ratio is independent of a branch fo(A) of /(A) since for 
any two branches /o(^4) and /q(A) of /(A) (defined for A close to A ) their ratio 
/o(A)//q(A) is a complex constant (with the absolute value equals one) and so the 
analytic continuation of fo(A)/ f^A) along Sp is the same constant. 

We suppose from now on that N G Z + is large enough. The homomorphism tpo is 
defined since the elements [Im p] span the group K = K° and since if Im p\ © Im p2 = 
Imp3, then the curve exp {2TiitP^) ) < t < 1, represents the sum in the com- 
mutative group 7r a (e11(_ 1} (M, 1^) , Id) (= n 1 (SEllJ_ 1} (M, l w ) , Id)) of the elements 
represented by the curves exp (2iritPj), < t < 1. (Here, cxo (Pj) = p./.) 

Let Im(p) belong to a subgroup 7r*ir°(M) of := PJ° (Ass (T*M, RP n ~ 1 )) (i.e., 
there is a smooth vector bundle 1/ over M such that tc*V represents the same el- 
ement of K as Im(p) does). We can suppose that Im(p) = tt*V. Indeed, let 
Imp © 7r*ljv! = tt*V © 7r*ljvj_. Then this equality holds with Aq G Z + bounded 
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by a constant depending on dimM. We suppose that N G Z is large enough. 
Then for a projector p\ G End^*!^) such that Impi = Imp© 7r*l^ C ti*\n 
we can conclude that Impi and 7r* (V © ljvj are smoothly isotopic as subbundles 
of 7t*1at. (Here, V © ljvi is a subbundle of Ljy.) Hence the monodromies coincide 
^o([Impi]) =<^o (tt* (VeljvJ). 

The assertion of Lemma [O] follows from (4.53) and from Lemma [4.3| below. The 
identification of monodromies f(A) over EIL"^ (M, E) and over EllTL-^M; E 1 , F) is 
given by the identification (4.51) of these spaces and by the multiplicative property 
of absolute value determinants (Proposition |4.9| , (4.50)). □ 

Lemma 4.3. The monodromy tp Q ( [Imp]) (defined by (4.54)) of the multi-valued holo- 
morphic function f(A) on EllT^ (M, E) is equal to 1 for [Imp] G n*K°(M) on an 
odd- dimensional manifold M. 

Proof of Lemma [4.3| . We can suppose that Imp = ir*V (as it is shown above). Then 
there is a smooth homotopy of p = <Jq(P) (in the class of projectors from End (tt*In) 
with the rank equal to rkV) to a projector po constant along the fibers of 7r, i.e., to 
Po = tt*Pm for a projector pu G End (Ijv) over M (where N G Z + is large enough). 
Then exp(tp ) is the symbol of the multiplication operator exp (tpM) £ Aut (In) over 
M (\t\ is small). It is shown in Proposition f£7| that det (exp (tpju)) is defined (for 
such t) and that this determinant is equal to one. □ 

Lemma 4.4. For elliptic PDOs A from ElL-n (M, In) sufficiently close to positive 
definite self-adjoint ones (where d is even and nonzero), the locally defined branch 
fo(A) of a holomorphic in A function f(A) (from Proposition |4.10| j is 

f (A) = c-det {jr) (A) } (4.55) 

where c G C is a constant such that \c\ = 1. (Here, det^)(A) is the zeta-regularized 
determinant of A defined by an admissible spectral cut with 9 close to n.) 

Proof. By Theorem |4.1| , Corollary [L2], and Remark [4.4| we have for such A 

det (#) (A*A) = det w (A*)det w (A), 

det [jT) (A*) = (det ( *)(A)), (4.56) 

det (jT) (A*A) = h(A)f (A), 

where det(^)(v4) and /o(^4) are holomorphic in A (and fo(A) is locally defined). Hence 
locally we have /o(^4) — cdet(^(A) with a constant c whose absolute value is equal 
to one. □ 



Remark 4.19. The assertion of Lemma [L4| is also true for A G Ell^-^M, E). 
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Remark 4.20. It follows from (4.54) and from (4.55) that the monodromy <^ ([Imp]) 
is given by the equality 

<A)([Imp]) = det w (exp(2vutP) • A)/det w (A)[ =i . (4.57) 

Here, A G EllJ_ x) (M, ljy) is an invertible elliptic PDO close to a positive definite 
self-adjoint one, d is even and nonzero, P is a PDO-projector from CL9_i) (M, ljy) 
with the principal symbol ctq(P) = p, and det( S -)(exp(27ritP) • A) is the analytic 
continuation in t of the zeta-regularized determinant det(^) from small t G [0, 1] to a 
point t = 1. 

Remark 4.21. The analytic continuation of det(^)(exp(27utP) - A) to t — 1 for a fixed 
A = A depends on the homotopy class of [Imp] C ir*l N only. Indeed, it is equal (up 
to a constant factor c, |c| = 1, locally independent of A) to the analytic continuation 
of a holomorphic in A function f (A) 40 along the closed curve exp(2iritP) ■ A in the 
space Ell^y (M, 1 N ) (d G 2(Z \ 0)). Hence it depends on the homotopy class of a 
closed curve in this space from a fixed point A . Such homotopy classes are defined 
by homotopy classes of [Imp] C 7r*ljy. 



Remark 4.22. By Theorem [11] and by Corollary |4.1| we have for small \t\, t £ C, 

det(*)(exp(£P)A) = det w (exp(tP))det w (A). (4.58) 

Here, A e Ell^ (M, ljv) is sufficiently close to a positive definite self-adjoint PDO, 
d G 2(Z \ 0), P is a PDO-projector from CL?^ (M, ljy). The determinant of the 
zero order PDO exp(tP), det(^)(exp(tP)), is defined by (4.6). 

Remark 4.23. It is shown above that for Imp = ir*V, V C ljy, p = o"o(P), we have 

det w (exp(27utP) • A)\ t=l = det w (exp (2mtp M ) ■ A) | i=1 , (4.59) 

where pu G End (ljy) is a projector from ljy onto V (over M) and where exp (tpM) G 
Aut (ljy) is the multiplication operator. By (4.58) and by Proposition [17| we have 
for small \t\ 

det(jf) (exp (2mtpM) ■ A) = det^) (exp (2iritpM)) ■ det^)(A) = det^(A). (4.60) 

Here, A G Ell/^ (M, ljy) is sufficiently close to a positive definite self-adjoint PDO, 
d G 2(Z \ 0), and P is a PDO-projector from CX(_i) (M, ljy). 



40 /o(A) is a branch of a holomorphic on Ell^Lj) (M, In) multi- valued function f(A) locally defined 
near Aq. 
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Corollary 4.6. Under the conditions of Remark |4.23| ; we have by ^ 4.58 ^ and with 
using the analytic continuation in t of the equality ( 4.60 ) 

det w (exp(27utP) ■ A)\ t=1 = det w (exp (2mtp M ) ■ A) \ t=1 = det w (A). (4.61) 



Hence ^([Imp]) = Id for [Imp] G ir*K°(M). Lemma [4.3| is proved. □ 

Lemma 4.5. Any element f of the abelian group K° (Ass (T*M, RP n ~ 1 )) /ix*K°{M) 
has as its order a power of two, f 2h = Id. The number k G Z + is estimated from the 
above by a constant depending on n := dimM only. (Here, n is odd.) 



Proposition 4.13. For any closed loop in the space f U TO6 z Ell™^ (M, E ) , Aq J the 

monodromy of a multi-valued holomorphic in A G Ell™ ^(M, E) function f(A) defined 
by Proposition [4. 10| is multiplying by e\, := exp(27rz/2 ), q G Z. The number k 
is bounded by a constant depending on n := dimM only. (Here, the monodromy of 
f{A) is defined by ( 4.54) and n is odd.) 



This statement is an immediate consequence of Lemmas |4.2j , [475] and of Theorem |4.1| 
Proof of Lemma [O. 1. For m G Z+ the group K° (RP m ) := K° (RP rn ) /n*K°(pt) 



is a finite cyclic group Z 2 e of order 2 e , where e := [m/2] is the integer part of m/2 
(IJS1J; |Hu[, 15.12.5; [ga| , IV.6.47). The Atiyah-Hirzebruch spectral sequence ([[AH 



2.1) for K q (RP 2m ), m G Z+, implies K 1 (RP 2m ) = 0. Indeed, the term Pf' 9 of 
this spectral sequence is Pf' 9 = H p (RP 2m , K q (pt)) . If g is odd, then E%' q = 0, if 
q is even we have Pf' 9 = for odd p, Pf' 9 = 1*2 for even p, < p < 2m, and 
P2' 9 = 0. The terms E™ for p + g = 1 are the graded groups associated with 
the filtration F^K 1 (RP 2m ) = Ker (p 1 (RP 2m ) -> P 1 (PP p 2 ™)), where PP^ 2 ™ is the 
(p - l)-skeleton of PP 2m . So ©p+^Pf'' 7 = = ®E™ and P 1 (PP 2m ) = 0. 

2. Let M be a compact closed smooth (2m + l)-dimensional manifold. Then there 
exists a smooth tangent vector field v(x) on M without zeroes. This vector field 
(together with the identification of TM with T*M given by a Riemannian metric on 
M) defines a section v. M e — > Ass (T*M, RP 2m ). The composition of maps 



P*(M) P' (Ass (T*M, PP 2m J J ^ K'(M) (4.62) 

is the identity map (since ttv: M — > M is the identity map). Hence 

JC (Ass (T*M,PP 2m )) = P'(M) © KerP\ (4.63) 

Here, the subgroup Kert>* of K* (Ass (T*M, RP 2m )) is independent of a tangent to M 
vector field v without zeroes and is isomorphic to K' (Ass (T*M, RP 2m )) /tt*K'(M). 
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There is a generalized Atiyah-Hirzebruch spectral sequence for the AT-functor of 
the fiber bundle of Ass (T*M, RP 2m ) over M ([|AH|, 2.2; |C§, 4, Theorem 3; |£2 
§ 12, pp. 167-177; @, Ch. Ill; |[uj], 15.12.2). Its P^'-term is 



E p ' q = H p (M, k q M (RP 2m 



(4.64) 



where k 9 M (RP 2m ) is a local system with the fiber K q (RP 2m ) associated with the 
fibration vr: Ass (T*M, RP 2m ) -> M. (The fiber of vr is RP 2m .) Its P^-terms with 
p + q = i are groups associated with the fibration 

F p (K i (Ass (T*M,RP 2n ^fj :=Ker(iP (Ass (T*M,RP 2n ^ -> A* (vr -1 (M p _j))) , (4.65) 

where M p _i is the (p — l)-skeleton of M. 

The E'f^-term of the Atiyah-Hirzebruch spectral sequence for K*(M) is equal to 
if (M, K q {pt)). The infiltration (4.65) in A* (Ass (T*M, PP 2m )) (and in the spec- 
tral sequence (4.63)) is in accordance with the P p -filtration in K'(M) (with respect 
to the direct-sum decomposition (4.63)). The analogous direct-sum decomposition is 
valid for H p (M, k q M (RP 2m )) and for further terms E™. Hence 

K* (Ass (T*M, RP 2m )) = K'(M) © K* (Ass (t*M, RP 2m )) /vr* {K'(M)) , 

Gr p K* (Ass (T*M, RP 2m )) = E^(n) = E P J~ P (M) ® E^(n), (4 . 66) 

where Ef~ p (n) := iP (m, k^" (PP 2m )) and E^^n) are the further terms in the 





corresponding spectral sequence. Here, k q M is the local system (analogous to k q M 
with the reduced A-functor K q (RP 2m ) as its fiber. We have for i 

H P (M, klf(RP 2m )) . 



E p >~ p [ 
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So E p ' p = for odd p and each element of H p (m, kjj (RP 2m )^j is of a finite order 

2 a , a G Z, < a < m. Hence only the terms E 2 ^ -21 ^), I G Z, < I < m, may 
be unequal to zero. Thus every element of K° (Ass (T*M, RP 2m )) /n*K°(M) has a 
finite order 2^ with (3 G Z, < (3 < m 2 := ((n - l)/2) 2 , n = dimM = 2m + 1. The 
lemma is proved. □ 



Remark 4.24. The commutative diagram 

A'^M) ► A"* (vr" 1 (M p _i)) 



K m (M) 



K m (Mj 



K' (vr" 1 (M p _ 2 )) 



A« (M p _ 2 ) 



is used in the derivation of (4.66). 
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Remark 4.25. Theorem IV. 6. 45 in | Kar | provides us with the exact sequence 

-> K\X) © K\X) ( ^'~ r) > K\P(V)) -> X m (£ yel (X)) -> X i+1 (X) © X m (X). 



Here, 7r: P(V) — > X is the projective bundle of a real vector bundle V over X, 
0: E — > £ © 7r*P, £ is the canonical line bundle over P(V), £ y (X) is the category of 
vector bundles over X with an action of the Clifford bundle C(V) ( [|Kar|| , IV.4.11). 

Proof of Propositions 4.10| and 4.11 . First we prove that the absolute value 
determinant | det \A as a function on E11™ 1 - ) (M, E) has the form where / 

is a multi- valued holomorphic function on E\VP 1 \(M,E). Let X be the infinite- 
dimensional analytic manifold 

E11*_ 1 )(M, E) := EW(M,E) nCL ( _i)(M,£). 

Let X' be a manifold with the conjugate complex structure on it. An element A e X 
corresponds to an operator A* as to an element of X' (= X). Then the function 

f(A,B) :=det w (AB) 

is defined on a sufficiently close neighborhood of the diagonal X •— > X x X' for an 
admissible cut 7f (close to tt) depending on /LP. Here we suppose that m e Z + . Then 
Cab,(7t)( s ) is defined for Res > dimM/2m and its analytic continuation is regular at 
zero. If m G Z_, the same is true for Ccab)- 1 ,^)^), Res > dimM/2|m|. If m = 0, 
the function det (AA*) is defined by the multiplicative property 

det (AA*) := det {{A E + Id) AA* (A E + Id)) / (det (A E + Id)) 2 . 

Note that det(s-) (AP) is defined for (A, B) with m = in a close neighborhood of the 
diagonal. 

For pairs (A,B) and (Ai,Pi) of sufficiently close points of X x X' in a close 
neighborhood of the diagonal X we have by Theorem EO 



det (#) (ABA^i) = det (# ) (PiA) det (s . } (PAi) = det w (APi) det (#) (AiP) . 

Hence the matrix with elements f(A, B) = det(%\(AB) for (A, B) from a close neigh- 
borhood of a point (A, A*) e X <— >• X x X' has the rank one. Hence there exist 
locally defined functions fi(A) and /2(B) such that for sufficiently close A and P 
(belonging to the domain of definition of f\ and f 2 ) we have 

det (ff) (A ■ B) = f(A,B) = fi(A)f 2 (B). 

The function fi(A) is holomorphic in A since for invertible A, B e E11™ 1 - ) (M, P) we 
have 



5 A det w (A -B) = d s (sTr (cL4 ■ A~ x (AP) ^) - res^^AA" 1 )/ 2 ^ 



s=0 
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Here, the expression on the right has an analytic continuation in s to s = and it 
is regular at s — 0. The same is true for fi{B) (with respect to the holomorphic 
structure of X). 

The function fi(A)/f 2 (A*) is (locally) analytic in A and it is a real function. 
(Indeed, det(AA*) = f^f^A*) and \f 2 (A*)\ 2 = f 2 (A*)f 2 (A*) are real functions.) 
Hence it is a real constant c. It is the ratio of two positive functions, det^(AA*) 

and \ f 2 {A*)\ 2 . Hence c G R+. The function f(A) is defined as c'^f^A). Thus 
f(A) is an analytic function of A. The assertion that | det |A as a function on 
EUT^y (M ; E, F) 3 A has the form with a multi-valued holomorphic / is 

obtained from the analogous assertion for | det \ A on EIIT^M; E, F) with using the 
identification (4.51) of the spaces Ell™ ^(M, E) Ell™ ^(M; E, F) and with using 

the multiplicative property (4.50) of absolute value determinants (Proposition |4.9|). 
□ 

5. Lie algebra of logarithmic symbols and its central extension 

Symbols a (A^qA for complex powers A\ e) of elliptic PDOs A G E11^(M,£) C 

CL d (M, E), d G M x , are defined by (2.6), (2.7). (Here we suppose that the principal 
symbol <Jd(A) possesses a cut of the spectral plane.) The symbol of log^ A is 
defined as 



d ° a ( A h)l- = £ ^-^,0L- (5.1) 

jez + uo 

The equalities (2.11) hold for the components on the right in (5.1). Hence the 
Lie algebra S\ og (M,E) of symbols a (\og^ Aj is spanned as a linear space by its 

subalgebra CS°(M,E) of symbols for CL°(M,E) and by one element a(log^A\. 
Here, A is an elliptic operator from E11q(M, E) C CL d (M,E) admitting a cut L^, 
d G M x . For / := (l/d)a (\og^ Aj every element B G S\ og (M, E) has a form 

B = ql + B , (5.2) 

where q G C and B G CS°(M,E). The number q in (5.2) is independent of A and 
of 9. Set r(5) := g. In S log (M, E) we have 

[ qi l + B , g 2 Z + C ] = [I, qi C - q 2 B ] + [B , C ] e CS°(M, E), (5.3) 

since [l,B ] G CS°{M,E) according to (2.11). Note that CS°(M,E) is a Lie ideal 
of codimension one in S\ og (M, E). We call S\ og (M, E) a one- dimensional cocentral 
extension of the Lie algebra CS°(M, E), 

-> C5°(M, B) -> 5i og (M, B)^C -> 0. (5.4) 

The left arrow of (5.4) is the natural inclusion. 
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Lemma 5.1. An element I defines a 2-cocycle for the Lie algebra g := S\ og (M,E) 
(with the coefficients in the trivial g-module) 

K x ( qi l + B , q 2 l + C ) := - ([/, B ] , C ) res . (5.5) 

The cocycles K\ for different I G S\ og (M,E) with r(l) = 1 are cohomologous (i.e., for 
logarithmic symbols I of degree one; here, r is from (5A)). 

Proof. The linear form Ki(B ,C ) is skew-symmetric in B , C as it follows from 
(2.16). (Here, we substitute c = a(A* e ^, I := a (log^ Aj , a = B , b = C into 
(2.16) and then take d s \ s= o.) 

Note that K t is a cocycle because the antisymmetrization of the 3-linear form on 
S log (M,E) 

K x {[q l + Aq, qi l + B ] , q 2 l + C„) = Mbol + A , + B ],C ) 
is equal to zero. Indeed, we have 

KdAo, Bo], Co) + ^([^o, C ], A ) - K{[Ao, C ],B ) = 

= ([/, Co], [A , B ]) ICS - ([/, A ], [Bo, C ]) ICS + ([I, B ], [A , C ]) tcs = 

= ([[/, C ], A ] , B ) rcs + ([[/, A)], Cb] , B ) ICS - ([/, [A , C ]] , B ) rcs = 

by the Jacobi indentity in S\ og (M, E). We have also 

K ([g /, B ] + [A , Ql l] , C ) = ([q l, B ] + [A , , [I, C ]) rcs , 
([go/, B ] + [A , qi l] , [I, C ]) rcs - ([g /, C ] + [Aq, q 2 l] , [I, B ]) ICS + 

+ ([g 1 /,Co] + [ J Bo,g 2 /],[/,A ]) res = 0. 

Hence K\ is a 2-cocycle for g = S\ og (M,E) (with the coefficients in the trivial g- 
module C). For h e r-\l) we have h = I - L , L G CS°(M, E), 

K h (A,B) - Ki(A, B) = ([L ,A],B) Tes = (L , [A, B]) res , 

where A, B G CS°(M, E). If A, B G 5i og (M, E), A = q l + A , B = q x l + B , qj G C, 
A , B G CS°(M, E), then we have 

K h (A, B) - K(A, B) = - ([h, A + q L ] , B + giL ) rcs + ([/, A ] , B ) vcs = 
= (L , [Aq + q L , B + gi^o]) rcs + (^o, [Aq, gi/]) rcs + (Lo, [g /, B + gi^o]) rcs = 

= (Lo,[A,B])„. 

Hence K tl and K\ are cohomologous 2-cocycles. □ 

Remark 5.1. The cocycle K t defines a central extension of the Lie algebra g = 
Si og (M,E) 

-> C -> g (0 -> g -> 0. (5.6) 
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The Lie algebra structure on is given by 

[qil + ax + ex • 1, q 2 l + a 2 + c 2 ■ 1] = [q\l + a l5 g 2 Z + a 2 ] + ^( a i ; a 2) • 1- (5-7) 

Here, qjl + dj G S\ og (M,E) =: g, Cj G C, 1 is the generator of the kernel C in the 
extension (5.6). 



Remark 5.2. The extension of the Lie algebra of classical PDO-symbols of integer 
orders analogous to (5.6), (5.7) (in the case of PDOs acting on scalar functions and 
where I is the symbol of log S, S is an elliptic DO with a positive principal symbol) was 
considered in [pjj, Section 3.4. The extension of the algebra of PDO-symbols of integer 
orders on the circle defined by the cocycle K\ og ^ d / dx ^ (on this algebra) is considered in 
KrKhj| , ||KhZl||, |[KhZ2||. A canonical associative system of isomorphisms of the Lie 



algebras gp) for I G S\ og (M, E), r(l) = 1 (for r as in (5.4)) is defined in Proposition |0 



below. Thus the Lie algebra g, a one- dimensional canonical central extension of 
S\ og (M, E), is defined. A determinant line bundle over the connected component of 
the space of elliptic symbols SEHq (M, E) is defined in Section | below. The nonzero 
elements of the fibers of this line bundle form a Lie group G(M, E), Proposition |6.1| . 
(We call it a determinant Lie group.) The Lie algebra of G(M,E) is canonically 
isomorphic to g by Theorem p.l\ below. This connection of the extensions g^, (5.6), 
and the determinants of elliptic PDOs is a new fact. 



Remark 5.3. The determinant group is defined in Section^. It is the central exten- 
sion of the group SEllg (M, E) with the help of C x . By Theorem |6.1| its Lie algebra is 
canonically isomorphic to the central extension g^ (defined with the help of the cocy- 
cle Ki). Lemma |6~^ claims that (in the case of a trivial bundle E := 1^, where G Z + 
is large enough) over an orientable closed manifold M the determinant Lie group is 
a nontrivial C x -extension of SEHq (M, E). Namely for any orientable closed M, the 
assotiated line bundle L over SEll^ (M, E) has a non-trivial (in H 2 (SE11* (M, E), Q)) 
the first Chern class C\(L). If the cocycle K\ would be a coboudary of a continuous 
one-cochain on S\ og (M, E) =: g, then the Lie algebra splitting 

0(O=0©C (5.8) 

would give us a flat connection on the determinant Lie group over SEHq (M, E). So in 
this case C\ (L) would be zero in H 2 (SE11 X (M, E), Q) . Hence Ki is not a coboundary 
of a continuous co chain. 

The cocycles Ki for different / G r _1 (l) C g are cohomologous. We define a system 
of isomorphisms of Lie algebras 

W hh : g (Zl) g {h) (5.9) 
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which is associative, i.e., Wi^Wi^ = Wj^g. These isomorphisms Wi^ 2 transform 
qh + a\ into the same element ql 2 + a[ = qh + a\ of S\ og (M, E) = q, i.e., the following 
diagram is commutative 

► C ► Q {h) ► Q ► 



w hl 



2 



(5.10) 



► C ► Q {h) ► Q ► 

Proposition 5.1. The system of such isomorphisms W\^ 2 , lj G r _1 (l) ; given by 

Wi lh (qh + a + c ■ 1) = (ql 2 + a' + c' • 1), 
where qh + a + c • 1 G Q^), qh + a! + c' ■ 1 G 0(z 2 ) ; and 

g/ x + a = g/ 2 + a' 0, 

c' = c + $, lJa (a) + g#j 1 i 2 , (5.11) 
$ W2 (a) := (/i - / 2 , a) res , *, lJa := (Z 2 - h, h - h) rcs /2. 

zs associative. 

Proof. We try to construct using conditions of compatibility with the Lie 

brackets. 

1. Compatibility with the Lie brackets. Let W\ x i 2 (qjh + % + Cj • 1) = qjh + bj + /j • 1, 
j = 1,2. We want to prove that 

[giZi+ai+ci • l,q 2 h+a 2 +c 2 ■ 1]~ + ($ W2 (K,a 2 ] + [Zi,gia 2 - g 2 ai])) • 1 = 

= [giZ 2 +6i+/i • W2+&2+/2 • l] i(i2) , (5.12) 

Using the equality (Zi — l 2 ) = fej — aj we can rewrite (5.12) as 

Ki 2 {b u b 2 ) - ^(01,02) = §hi 2 ([01,02] + [Zi,9ia2 - fl^i]) • 

The left side of the last equality by the definitions of K^^ai,^) and of Ki 2 (b 1 ,b 2 ) 
and according to (2.16) and to the skew-symmetry of (5.5) is equal to 

Ki 2 (h,b 2 ) - K h (ai,a 2 ) = 

= ([h- h, oi] , 02) res ~([h, qi(h ~ h)} , a 2 ) res - ([h, ai ] , q 2 (h - h)) vcs = 

= (h - h, [ai, a 2 ] + [h, q x a 2 - g 2 ai]) rcs . (5.13) 
We conclude comparing (5.13) and (5.12) that if we set 

®hh(a) = (h ~h,a) ies , 
J-c = (l 1 -l 2 ,a) ieB + q% lh . 

(for ty tl i 2 defined by (5.11)), then the condition (5.12) is satisfied. 
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2. Associativity. We want to show that Wi 2 i z Wi x i 2 = W h i 3 (for Wi i i j defined by 
(5.11)). We have 

c"-c' = (l 2 -l 3 ,a') ies + q* l2h , (5.15) 
where W t2 i 3 (ql 2 + a' + d ■ 1) = ql 3 + a" + c" • 1 6 Q(i 3 )- Thus we have to show that 

q^ hl3 = q* llh + q% 2h + (Z 2 - Z 3 , a' - a) res , (5. 16) 

where lj G a' — a = q(h — Z 2 ). We can rewrite (5.16) in the form 

^hh = tfjifa + ^Ws + (^3 - fc, h - ^i) res • (5.17) 

It is clear that ^i^ 2 : = (Z 2 ~h,h ~h) TCS /2 provides us with a solution of the 
system (5.17). The proposition is proved. □ 

Proposition 5.2. A system of quadratic forms 

A t (ql + a + c • 1) := (a, a) rcs - 2qc (5.18) 

on 0(j) 3 ql + a + c ■ 1, I G r _1 (l) ; is invariant under the identifications Wi x \ 2 . 

Proof. For W^i^ql + a + c • 1) =: ql\ + ai + ci • 1 we have 

a 1 -a = g(/-/ 1 ), 

ci " c=(/-/ 1 ,a) res + g(/ 1 -Mi-O res A 1 ' ) 

Hence we have 

A h (gZi + ai + Ci • 1) := (ai, ai) rcs - 2gci = 

= (a, a) rcs + g 2 (Zi - Z, Zi - Z) res + 2g (a, / - Zi) rcs - 2qc + 2q (Zi - Z, a) rcs + 

+ (-q 2 ) (h -l,h- Z) res = A t (ql + a + c- 1). (5.20) 

The proposition is proved. □ 
Corollary 5.1. The cones C\ in g^, I G r _1 (l) ; defined by null vectors for A\, i.e., 

Q:= {ql + a + c-1 e fl (J ), A,(gZ + a + c • 1) = o} , 
are invariant under the identifications W\ x \ 2 

Wi^C^ = Ci 2 . 



Indeed, Wi^Wi^ = Id, Wi x i 2 Wi 2 i x = Id and the quadratic forms A; are invariant 
under W W2 . 
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Remark 5.4. Let g be a Lie algebra over C with a conjugate-invariant scalar product 

([c,a],b) go + (a,[c,b]) ao =Q fora,6,cGg . (5.21) 

Let g be a cocentral Lie algebra one- dimensional extension of go, 

-> go -> A C -> 0, (5.22) 

i.e., let go be a Lie ideal in g and let go be of codimension one in g (the left arrow in 
(5.22) is the natural inclusion, [a, b] G g for a,b G g). Then the expression on the 
left in (5.21) makes sense for c G g. 

Let the scalar product (, ) be also conjugate- invariant under g, i.e., let (5.21) hold 
for a, b G go and for c G g. (Note that this condition is satisfied for the scalar product 
(, ) res on the Lie algebra CS°(M, E) =: g for its central extension S\ og (M, E) =: g.) 
Then we define a central extension 

-> C - g (0 ^ g -> (5.23) 

given by the 2-cocycle of g (with the coefficients in the trivial g-module) 

Ki (<?iZ + Oi, q 2 l + a 2 ) : = - {[I, o x ], a 2 ) go (5.24) 

on g, where aj G go and / G r -1 (l) G g (r is from (5.22)). These Lie algebras g^ 
for / G r _1 (l) are identified by an associative system of Lie algebra isomorphisms 
^hh '■ 8(h) — y 5(h) defined by the same formulas as isomorphisms (5.11) (with chang- 
ing (, ) res by the scalar product (,) 0O )- This system of isomorphisms defines the 
canonical central Lie algebra extension O^C— >g^g— ► 0. The quadratic form 

Ai(ql + a + c ■ 1) := (a, a) go — 2qc (5.25) 

is defined on Qny This system of quadratic forms Ai, I G r _1 (l), is invariant under 
identifications Wi^ 2 . The cones C\ C g(/) of zero vectors for A\ are identified under 
Wi^. So these quadratic forms define a canonical quadratic form A on g. 



Remark 5.5. The previous construction can be reversed. Namely, let g' be a Lie 
algebra over C with an invariant scalar product, 1 G g' be a central element with 
(1, 1) = 0. We assume that the linear form /: x — > (1, x) on g' is not zero. Denote by 
g the quotient algebra g'/C • 1 and by g the subalgebra of g consisting of the kernel 
of /. Then we have a scalar product on g invariant under the adjoint action of g, 



e.i., the situation at the beginning of Remark |5\4 



We claim that g' is canonically isomorphic to the central extension g constructed 
from g. 
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The idea is to use null-vectors / of the quadratic form on g' such that f(l) = 1 for 
the system of splittings (as vector spaces) 

s' ^ © c • L 

Remark 5.6. The associative system of Lie algebra isomorphisms Wi x i 2 defined by the 
formulas (5.11) is the only associative system of Lie algebra isomorphisms which is 
universal. This means that the system is functorial on the category of one-dimensional 
cocentral extensions of Lie algebras with invariant scalar products. This is the cat- 
egory of cocentral extensions (5.22) having as its morphisms the morphisms of the 
diagrams (5.22) which are equal to identity on C and which save invariant scalar prod- 
ucts on the components go- (This class of extensions is considered in Remark |5\4| .) 
The universality of the system Wi x i 2 (5.11) follows immediately from the proof of 
Proposition |5.1| . 

Remark 5.7. Let g be a complex Lie algebra endowed with an invariant scalar product 
B:g®g^C, 

B(x, y) = B(y, x), B (x, [y, z\) = B ([x, y], z) . 
We will construct a map 

I k :H k (g,g)^H k+1 (g,C) 

for each integer k > 0. Here we consider g as a g-module via the adjoint action. 

First of all, we can associate with B an element B e H 1 (g, g v ) (g v is the dual 
space) as the cohomology class of 1-cochain 

B(x)(y) := B(x,y), x,y E g. 

The cup product (with coefficients) by B defines a map 

UB:H k (g,g)^H k+1 (g, g ® g v ) . 

The composition of this map with the map H' (g, g <S> g y ) — > H'(g,C) induced by 
the morphism of g- modules 

g®g v -^C, x <g> if — > tp(x) 

gives the desired map l k . On the level of cochains, is given by the formula 

I k (a) (xi, . . . , x k +i) = Alt (B (xi, a (x 2 , x k +i))) ■ 

Note that 7 maps the center of g, Z(g) = H°(q,q), into the "cocenter" (g/[g,g]) V = 
H\gX)- ' 

Analogously, I\ maps the space of derivations of g modulo interior derivations (= 
i/ 1 (g,g)) into the space of equivalence classes of one-dimensional central extensions 
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(= H 2 {q, C)). The space -ff 1 (g, g) can also be viewed as the set of equivalence classes 
of "cocentral extensions" 

o^g^g^C^o. 

Let us denote by Hl kew (Q,g) the subspace of H 1 ^,^) represented by cocycles 
a '■ g ~~ * g which are skew-symmetric with respect to B 

B(ax,y) + B(x,ay) = 0, x,y G g. 

Claim: for a non-degenerate scalar product B the maps Jo and IAjji are isomor- 

skew 

phisms. 

It follows almost immediately from standard formulas for differentials in C*(g,g), 
C*(g, C) and from the invariance of B. 

In our concrete situation we see that the central extension of S\ og (M,E) corre- 
sponds to the homomorphism of degree 

S log (M,E) 

and the noncommutative residue 

res: CS°(M,E) -> C 
corresponds to the central element 

ld E G CS°{M,E). 

We can also change our Lie algebras in such a way that the scalar products are non- 
degenerate. One way is to replace CS°(M, E) by the Lie algebra of integer orders 
PDO-symbols. Another way is to consider the quotient algebra modulo the ideal 
CS- dimM -\M,E). 

6. Determinant Lie groups and determinant bundles over spaces of 
elliptic symbols. canonical determinants 

Let EIIq (M, E) be the connected component of Id in the group of invertible elliptic 
PDOs. The determinant line bundle det EIIq (M, E) is canonically defined over the 
space SEHq (M, E) of symbols for invertible elliptic operators with their principal 
symbols homotopic to Id (a G C) in Section Its associated C x -bundle (with 
a Lie group structure on it) is defined as follows. 

The associated fiber bundle det* SEIIq (M, E) (with its fiber C x ) of nonzero ele- 
ments in fibers of p: det EIIq (M, E) -> SE0$(M,E) is defined as F \ E11 X (M, E). 
Here, F is a subgroup of the group F of invertible operators of the form Id+/C, 
where K, is a smoothing operator (i.e., an operator with a C°°-kernel on M x M), 
and Fq is the set of operators from F such that 



det Fr (Id+/C) = 1 



(6.1) 
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(detfv is the Fredholm determinant). The operator /C is a trace class operator in 
L 2 (M,E) and hence the Fredholm determinant in (6.1) is defined. 
We have 

F\E11 X (M,£) = SE11 X (M,£). (6.2) 
Hence there is a natural projection 

p: det*SEll x (M,£) -> SE11 X (M,£) (6.3) 
with its fiber F \F = C x . 

Proposition 6.1. The bundle det* SEIIq (M, E) has a natural group structure. 
Proof. For an arbitrary A G EIIq (M, E) we have 

F A = AF 

since for 1 + K 1 G F there exists K 2 G F such that (1 + K^A = A(l + K 2 ). Indeed, 
K 2 := A~ X K\A is a smoothing operator. We have 

det Fr (l + K 2 ) = det Fr (A(l + K^A' 1 ) = det Fr (l + K ± ). (6.4) 

So 1 + K 2 G F Q for 1 + K\ G F . Hence F is a normal subgroup in EIIq (M, E) 
and the quotient on the left in (6.2) has the group structure induced from the group 
E11 X (M,£). □ 

We call this group det* SEIIq (M, E) =: G(M, E) the determinant Lie group. 
A fiber-product of the groups EIIq (M, E) and G(M, E) over their common quotient 
SE11 X (M, E) is defined by 

DE11 X (M, £) := Ell x (M, £) SEU ^ M , E) F \ Ell x (M, £). (6.5) 

This fiber-product consists of classes of equivalence for pairs 

(A, B) G Ell x (M, E) x Ell x (M, £7) 

with equal symbols o~(A) = o~(B), where the equivalence relation is (Ai,Bi) ~ 
(A 2 , B 2 ) if A x = A 2 and B x B 2 l G F . There is a natural projection (A, 5) — > A, 

Pi: DE11 X (M,£) -> E11 X (M,£). (6.6) 

We have a commutative diagram 

1 ► C x > DE11 X (M,£) ► E11 X (M,£) ► 1 

pi 

P2 a (6.7) 

1 ► C x ► F \E11 X (M,£) > SE11 X (M,£) ► 1 
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where p 1 (A,B) = A, p 2 (A,B) is the class of B in G(M, E) (= F \ EIIq (M, E) = 
det* SEIIq (M, E)), o is the symbol map. The horizontal lines in this diagram are 
group extensions. 

Proposition 6.2. The extension DEHq (M, E) ofE%(M,E) is trivial, i.e., the pull- 
back under a of the extension det* SEIIq (M, E) -> SElljJ (M, J5) to EIIq (M, £) 
isomorphic to the direct product of groups C x x EIIq (M, E 1 ). 

Proof. The fiber Pi l {A) (in the top line of (6.7)) is the set of B G Ell£(M, E) with 
o~(B) = o~(A) up to equivalence relation B ~ B\ if B G F Bi. 

There is a canonical element FqA in p^ x (y4) which is the equivalence class of A, 
Thus we define a section of pi. It is obviously a group homomorphism. □ 

To any A G E11 X (M, £?) corresponds a point 4(A) G det* SE11 X (M, E) = C7(M, E). 
Namely d x {A) is the image of A in F \ EU£(M, E) = G(M, E). The group structure 
on det* SE11 X (M, E) comes from E11 X (M, £?). So we have 

d x {AB) — d l {A)d 1 {B) (6.8) 

for A,B E E11 X (M,E). 

Let A\ = QA, where Q G F. Then we have 

d l (A 1 ) = det Fr (Q)-d l (A), (6.9) 

where detp r (Q) is defined by the image of Q in F \F = C x . 
The problem is to describe the Lie group 

det*SEll x (M,£) =: G(M, E) (6.10) 

without the use of Fredholm determinants. 

It occurs that the Lie algebra of this group is explicitly isomorphic to the Lie 
algebra g. (This Lie algebra is defined by the associative system of identifications 
Wi ± i 2 : Q^) —> fl(z 2 ) of the Lie algebras These Lie algebras are defined by (5.6), 
(5.7) and are identified by Wi^ given by Proposition |5~T| .) We call q the determinant 
Lie algebra. 

The fiber bundle (6.3) has a partially defined canonical section. Let a symbol 
S G SE11q(M, E) of an order d G M x elliptic operator admit a cut L($) of the spectral 
plane. Let A G E11q(M, E) be an elliptic operator with the symbol S = o~(A) and 
such that Spec(A) flL(e) = 0. Then det^(A) is defined by (2.15). An element di(A) 
of the fiber p-\S) of (6.3), p: G(M, E) -> SE11 X (M, E), is also defined. This fiber 
p^ 1 (S) is a principal homogeneous C x -space. Hence the element 

d (A) := d 1 (A)/det {e) (A) G p-\S) (6.11) 
is defined. We suppose from now on that 9 = it. 
Proposition 6.3. The element do(A) is independent of A G p~ 1 (S). 
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Proof. Let A U A 2 G p _1 (S). Then A 2 = QA X , Q G F, d 1 (A 2 ) = det Fr (Q) det (7r )(A)- 
According to Proposition |6.4| below we have 

det M (QA 1 ) = det Fr (Q)det w (Ai). (6.12) 

(We suppose that Spec(QAi) n L (7r) = 0.) □ 

Remark 6.1. To define di(A), we don't need the order of A to be real. To defined 
det(v4) for an elliptic PDO A of a nonzero order, we need a holomorphic family 
A~ s only. (Such a family may exist even if A does not have an admissible cut of the 
spectral plane.) If such a family is given, then the element d\{A)/ det(A) G p _1 (cr(A)) 
is defined. (This element depends on a family A~ s and not on A only.) We denote 
the element di(A)/ det(A) by do(\ogA). (Here, the family A~ s is defined by log A.) 

For a zeta-regularized determinant det((A) of an elliptic operator A G Ellg (M, 22) 
to be defined, its complex powers A~ s have to be defined. Hence a logarithm log A 
of A has to be defined. However for (M, E) such that dim M > 2 and rk 22 > 2 there 
are not any continuous logarithms for a nonempty open set of the principal symbols 
of elliptic operators from E11q(M, E). Hence for operators A with such principal 
symbols their log A and det^(A) are not defined. 

Remark 6.2. The principal symbol a a of an elliptic operator A G E11q(M, E) defines 
the element a a \s*M G Aut(7r*22), where 7r: S*M — > M is the natural projection. For 
rk 22 > 3 there is an open nonempty set of the automorphisms as follows. There is a 
point q G S*M such that a a (q) has a form 

where a^,(g) acts on an invariant (with respect to a a (q)) complement to the two- 
dimensional A-eigenspace of a a (q) in (ir*E) q . (In general, multiple eigenvalues of 
Aut(7r*22) appear over a subset of codimension two in S*M, and dim S*M > 3 for 
dimM > 2. In general, multiple eigenvalues appear in Jordan blocks.) Then there is 
a smooth curve /: (S' 1 ,pt) — > (S*M,q), t — > f(t), such that two eigenvalues A over 
q = /(to) var Y as Ai(t) and A 2 (t), where Xi(t) ^ A 2 (t) at t G S 1 \ t and Ai(t)/|Ai(t)| 
and A2 (i) / 1 A2 (i) I are the maps fa: (5' 1 ,pt) — > S* 1 , i = 1,2, of different degrees. Hence 
there is no continuous logarithm log (f*a a ) G End(/*7r*22) of a a (f(t)) over the circle 
of parameters t G S 1 . (Here, we suppose that f*7r*E is a trivial bundle over S 1 .) 
Such a curve f(t) can appear in a coordinate neighborhood of a point g G S'*M 
(and 7r*22 is a trivial bundle over this curve). To see this, it is enough to take \s(t) 
sufficiently close to (Ai(t)A 2 (t)) _1 . Then the map from (S l ,pt) to GL 3 (C) equal to 
Aut (C 2 ) © A 3 (t) (where Aut (C 2 ) has the eigenvalues Ai(i), A 2 (t)) is homotopic to 
a map to SX 3 (C). Hence the map S 1 — > GL 3 (C) is homotopic to a trivial map. 
Let rk22 = 2 and let the degrees of fi\ (S x ,pt) — > S 1 , j = 1,2, be the opposite 
numbers (i.e., Sdeg/j = 0). Then /: (S 1 ,pt) — > GL 2 (C) is homotopic to a trivial 
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map. Hence for ikE > 2 and for dimM > 2, all the conditions are satisfied on an 
open set in the space of principal elliptic symbols. This open set is nonempty in a 
connected component of a trivial symbol (because these conditions can be satisfied 
over a smooth closed curve in a coordinate neighborhood in S*M, and over this curve 
a map / from S 1 to GL n (C) is homotopic to a trivial map, n := rkc E). 

Remark 6.3. Let us generalize the notion of a spectral cut to the case of operators 
of complex orders. Let L G S\ og (M,E) be a logarithmic symbol of a nonzero order 
z G C x . Let {Ui} be a finite cover of M by local coordinate charts (with local 
trivializations E\jj.). Let V* C Ui be a cover of M by (closed) coordinate disks. Let 

L = z log |f | + Lo(x, + L_i(x, + • • • 
be the components of this logarithmic symbol in U^. Set 

at(L) := diam Uj Uj.gy . ^ Im (Spec (L (£, OA)) ■ (6.13) 

Here, SpecL is the spectrum of a square matrix L (its size is xkE). The symbol 
L can be represented as <9 s exp(sL)| s=0 . Here, exp(sL) =: (expL) s is a holomorphic 
family of classical PDO-symbols. There is an explicit formula for changing of space 
coordinates in PDO-symbols on a manifold, fShU , Theorem 4.2. By this formula we 



conclude that a(L), (6.13), is independent of local coordinates on M (for given L 
and a smooth structure on M). We are sure that under the condition 4 " 1 

\z\ 2 a(L)/\Rez\ < 2vr, (6.14) 

any invertible elliptic PDO A G E11q(M, E) with its symbol or (A) := expL has a 
log A G eK(M, E). The symbol expL is defined as a solution s t \t=i in SEH (M, E) of 
the equation 

d t s t = Ls t , s :=Id. (6.15) 

Hypothesis. Let A be an invertible elliptic PDO of order z, Rez 7^ 0. Let 
cr(A) = expL for L G S\ og {M,E) (i.e., let a (A) be s t \t=i for the solution of (6.15)). 
Then log A G tll(M,E) with o~(logA) = L exists and is unique up to a change of 
an operator log A on a finite- dimensional A-invariant linear subspace K in V{E), 
AK = K . So a family A s of complex powers for A exists and is unique up to a 
redefinition of it on a finite- dimensional A-invariant subspace K . 

To explain the condition (6.14) and the hypothesis on L := cr(logA), let us choose 
an element B G ett(M, E) with the symbol L, o~(B) = L. Then the element exp B G 
E11q(M, E) is defined as b t \t=i for the solution of the equation d t b t = Bb t , b = Id, in 
E11 (M, E). Then a(expB) = o~(A) and b\ := expl? is invertible. Let A t be a smooth 
curve in Ellg(M, E) such that A = exp B, A\ = A, and a (A t ) = a (A) for t G [0, 1]. 



41 We suppose that z ^ and that z £ iR. 
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We want to prove that there exists a smooth curve B t in tll(M, E), ordB t = z, such 
that expB t = A t , i.e., to prove that there exists a smooth family of logarithms 42 

B t := log A t e tll(M,E), a(B t ) = L forte [0,1]. 

To find Bt, we have to prove the existence of a solution of an ordinary differential 
equation 

F~ l (adfl t ) o (d t A t ■ A- 1 ) = d t B t , B := B. (6.16) 



(Here we use Lemma |6.6| and Remark |6.17| below, F 1 (t) := t/(expt — 1). We use 



also that B = log^o exists.) Under the condition (6.14), we claim that ad (B t ) for 
any B t with a (B t ) = L has only a finite number of eigenvalues from IkiL \ 0, and all 
these eigenvalues are of finite (algebraic) multiplicities. So the operator F~ x (&dB t ) is 
defined on an ad I? r invariant subspace of a finite codimension. However the equation 
(6.16) is nonlinear, and it is difficult to prove the existence of its solution B t . 

Suppose we can prove that a smooth family log^Lt exists. Then we can prove 
(Proposition |6~5| ) that the following equality holds 



det (At) = det (A ) det Fr [AxAq 1 ) . (6.17) 

(Here, Aj are invertible, a (A ) = a (Ai), AiAq 1 e F.) This equality is a generaliza- 
tion of (6.12). We don't suppose in (6.17) that A\ and A possess spectral cuts. We 
suppose only that a smooth in t family (A t ) s , < t < 1, of complex powers exists 
(i.e., that there is a smooth family of logarithms logA t € tU(M, E) of order z elliptic 
PDOs A t ). 

Remark 6.4. A given elliptic symbol ct(A) e E11q(M, E), z e C x , can have different 
logarithmic symbols a (log A). Let z iR. Then the condition (6.14) can be satisfied 
for some cr(logyl) e S\ og (M,E) and unsatisfied for another a (log A). This condition 
cannot be formulated condition on a (A). 

Proposition 6.4. The equality (&A2) holds for an invertible Q € {Id+/C} =: F 

(where K, is a smoothing operator, i.e., it has a C°° Schwartz kernel on M x M), 
and for an invertible A e EU (M, E), d e M x , such that A is sufficiently close to a 
positive definite self-adjoint PDO. 43 

Proof. Let Q = Id +/C be an operator from F (JC is a compact operator in Li(M, E). 
Hence its spectrum is discrete in C \ with a unique possible accomulation point at 



42 This problem is connected with the problem of using a kind of the Campbell-Hausdorff formula 
outside the domain of its convergence. 

43 Under this condition operators A and QA possess a cut L(a\ of the spectral plane for almost 
all 9 close to n (i.e., except a finite number of 9's). 
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zero.) Let there be no eigenvalues of Q from R_. Then log^ Q is defined by the 
integral analogous to (2.30) 

log (7r) Q = ±- f log (7r) A ■ (Q - A)" 1 dX. (6.18) 

Here, (Q — A) 1 is the resolvent of the bounded linear operator Q in L 2 (M, E). (The 
contour Tr^ is the same as in (2.30) with n = n.) The operator log^) Q =: C is an 
operator with a C°°-kernel on M x M. 

For any e > all the eigenvalues A of Q except a finite number of them are in 
the spectral cone {A: — e < argA < e}. So, if SpecQ does not contain 0, then in 
an arbitrary small conical neighborhood of L( 7r ) there is a spectral cut L(o\ such that 
SpecQflL(0) = 0. For ^ SpecQ the logarithm log^) Q =: C is defined. It is defined 
as log(^) Q by (6.18) with the integration contour T R ^. 

Set Q t := exp(tC), < t < 1, A t := Q t A Let ord A G R+. We have for 
Re s > dim M/ ord ^4 

:= Tr (± jf _ A$ (A - A)" 1 ciA^ . (6.19) 

Here, rW) is the contour r^) from (2.6) with an admissible 9 sufficiently close to 7r 
and X7A is defined as in (2.14). For such s we have 

auwoo = Tr / r A w (- - A r x CA * (a - A r') rfA ) = 

= Tr(^/ rw A-(-^ t (A-Ar>A) = 
= Tr / %) A « K {CA (A - A)- 1 )) «*a) = 
= _sTr (i / ^^CAK-A)- 1 ^) =- S Tr(CA-)), (6.20) 
since (A t —A) CA t (A t -X) and (A t -X)~ Z CA t are trace class operators in L^M,E) 



whose trace norms are O (lAp 1 ) for A G T w . So 



d t U t ^ ) (s) = -sTr(CA^J- ) ) (6.21 



for Res > dimM/ ord A The term Tr (CAj~^) on the right in (6.21) is a meromor- 
phic function of s by Proposition and Remark |3.4j . It is a trace class operator 
for all s G C. Hence Tr (CA7 S J is holomorphic in s G C and it is equal to TrC for 



0. 
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Lemma 6.1. Under the conditions of Proposition jA and for ord A G M + , the equal- 
ity holds 



dt (<9sCa,(s- 



s=0 



TrC. 



(6.22) 



Here, C := log,--) Q is a trace class operator defined by ( 6.18,). 

Corollary 6.1. Under the conditions of Proposition we have 
det ( jr)(QA)/det(»)(A) = exp (£ dt Tr(C)\ = exp(Tr(C)) = 



detp r (exp C) = detp r (Q). (6.23) 



Proposition jA is proved. □ 
Proof of Lemma |6.1| . The factor Tr \ CA~^~^ on the right in (6.21) is defined for 
all s G C. (Indeed, C^L is a trace class operator since C is of trace class and 
A- S {jr) is a PDO from EHq sordj4 (M, E).) Note that the value of Tr (CAt s ) at s = 
is defined and is equal to Tr(C) (since A~^\ s=0 = Id, A is invertible). Thus the 
equality (6.22) follows from (6.21). □ 

Remark 6.5. The equality (6.12) may be also obtained from the assertions as follows. 

1. Note that for A G E11q(M, E), del x , sufficiently close to a positive self-adjoint 
PDO, the ratio det {ji) (QA) /det (jr) (A) =: f A (Q) is independent of A G E11q(M, E) and 

of d G R x . Indeed, let A G E\\^(M,E) and C G E11q 2 (M, E), dj G R x , be two such 
operators and let d l ^ d 2 . Set B := A~ l C G Ell^ dl (M, E). Then according to 
(2.17) we have 

f A B(Q)/det {jT) (AB) = det (#) (QAB) = F(QA, B)det [jT) (QA)det [jT) (B) = 
= f A (Q)F(QA,B)det (i) (A)det {iT) (B) = 

= f A (Q)F(QA, B) / (F(A,B) ■ det w (AB)) • (6.24) 



Here, F(A, B) and F(QA,B) are defined by (2.17). By (2.20) F(A, B) depends on 
symbols a (A), a(B) only, F(A, B) = F(QA, B). Thus f A (Q) = f c (Q). (For d x = d 2 
it is enough to take D G E11q(M, E) with d > di sufficiently close to a positive 
definite self-adjoint PDO. We have f A (Q) = f D (Q) = f c (Q).) Hence f(Q) := f A (Q) 
is independent of A. Note that det^)(AQ) = det^)(QA) = f(Q)det^)(A), since the 
operator AQ is adjoint to QA = A~ l (AQ)A. The value f{Q) is defined for all Q G F 
as det^)(QA)/det^)(A) and is independent of an admissible cut by Remark |2TT| . 
2. The function f{Q) is multiplicative, i.e., / (Q1Q2) = f (Qi) f (<?2)- 
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Indeed, for PDOs A G EU*(M, E) and B G Ell^M, E), dj G R+, sufficiently close 
to positive definite self-adjoint PDOs we have 

/ (Q 1 Q 2 ) det {jr) (AB) = det w (Q X Q 2 AB) = det w (Q 2 ABQ X ) = 

= F(A,B)det^(Q 2 A)det m (BQ x ) = f (Q x ) f (Q 2 )det^(AB). (6.25) 

3. Let A G EUo(M, E),de R+, be a positive self-adjoint PDO. Let {ej, i G Z + , be 
an orthonormal basis in the -L^-completion of T(M, i£) consisting of the eigenvectors 



of A. (Such a basis exists according to ||Sh|| , Ch. I, § 8, Theorem 8.2 



Let Q be an operator with its matrix elements with respect to the basis {e^}, 
Qti = ((A — l)5u + 1) e;, A G C x . Then Q & F and we have 

logdet (#) (QA) = -9 s Cqa,(*)(s) s=q = log A + logC.4,«(s) o _ n - (6.26) 



s=0 



Hence for this Q we have f(A) = A. Since the Ki-functor K X (C) is equal to C x 
( ||Mi|| ) and since f(Q) is multiplicative in Q, we have f(Q) = det(Q) for Q such that 
Q — Id is a finite size invertible square matrix. (In (6.26) Q — Id is equal to A — 1.) 

4. For an arbitrary Q G F and for any s G K, iV G Z + there exists a sequence of 
= Id +Kj G F with finite rank operators Ki such that tends to Q as z — > oo as 
a sequence of operators from the Sobolev space H S (M, E) into H S+N (M, E). 

Let iV be greater than ordA + dimM, ordA G 1R X . Then det(ff)(QiA) tends to 
det( n )(QA) as i tends to infinity. So we have 

det( ff ) (QjA) / det (# )(A) =: / = det Fr , 

' (6.27) 
/(Q) := deWQA)/deWA = lim det Fr (Q<) = det Fr (Q). 

The convergence det(^) (Q%A) — > det^QA) as z — >■ oo follows from the Cauchy 
integral formula for d z ((qa(z) ~ Cq 1 a{z)). 

Proposition 6.5. Let a smooth family of logarithms \ogA t G dl(M,E), < t < 1, 
exist for some smooth curve A t of invertible elliptic operators in E11q(M, E), a (At) = 
o~(A), < t < 1. Then the equality ( Q.17) holds. 



Proof. Set Q At (s) : = TR (A^J for sz ^ 0. Then by Proposition Res s=0 Ci t 0) = 
— res Id = 0. Hence by this Proposition (A t { s ) is regular at s — 0. For Re(sz) > 
dimM, the operators A^ s are of trace class. In view of Remark |3.4j we conclude 
(analogous to (2.25), (2.26)) that for Re(s;z) > dimM the equalities hold 

Tr(A- s )=TR(A- s )=U(3), 
dtU(s) = sTR (AA- 1 ■ A~ s ) = -sTr (A t Af ■ A; s ) . 
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Here, A t A t 1 =: C t , where C t is a trace class operator. Hence 

d t d s (-U00) [ =0 = Tr (C t A-°) | s=o . (6.28) 

The expression on the right in (6.28) for all s are the traces of trace class operators. 
Hence this expression is regular for all s, and we can set s = on the right in (6.28), 



d t d s (-( At (s)) s=0 = Tr(C t 



Thus 



det (Ai) I det (A ) = exp (J Tr (C t ) dtj = det Fr (A x Aq l ) . (6.29) 

The formula (6.17) is applicable to this case. □ 

Definition. Let A be an invertible elliptic PDO of a nonzero complex order 
z G C x , A G El\ z (M,E), such that a logarithmic symbol c(\ogA) G S iog (M,E) 
exists (i.e., a(A) = s t \ t =i for a solution s t of (6.13)). Let B be any element of 
dl(M, E) with a(B) = L. Then the element b : = exp B G E11„(M, E) is defined as a 
solution &t|t=i of dtbt = Bbt, bo = Id. The canonical section of G(M, E) over exp L is 
defined by 

J ( J B): = rf 1 (exp J B)/det(exp J B), det (exp B) : = exp (-d s TR(exp(-s J B))| s _J , (6.30) 

det (exp B) G C x . By Proposition |B~6| below dp(B) depends on a(B) = L G S\ og (M,E) 
only. Thus we can define do(a(\ogA)) by the expression on the right in (6.30) for any 
B G dl(M,E) with a{B) = a (log A). 

Remark 6.6. We don't suppose in the definition of d Q (a (log A)) that there exist a 
log A G dl(M,E). We can take any B G dl(M,E) with (7(5) = a (log A) in 
S\ og (M,E) and define d ( cr (l°g ^)) as the expression on the right in (6.30). 

Remark 6.7. The definition of do(cr(log A)) provides us with a canonical prolongation 
of the zeta-regularized determinants to a domain where zeta-functions of elliptic oper- 
ators do not exist. Namely let A G E11q(M, E), z G C x , be an invertible elliptic PDO 
such that o"(logv4) is defined. (However we do not suppose that a log A G cll(M,E) 
exists. An element L G S\ og (M,E) is a symbol a (log A), if a (A) is equal to s t \t=i 
for a solution s t of (6.13).) Then det (A) (corresponding to a given L = a (log A)) is 
defined by 

det (A) :=d 1 (A)/d (a(logA)). (6.31) 

If a(log^4) exists but log A does not exist, then det (A) can be canonically defined by 
(6.31). However zeta-regularized determinants det^(A) are not defined in this case. 
(Indeed, for any det^(A) to be defined, an appropriate zeta-function (a( s ) has to be 
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defined. But if a log A does not exist, then a family of complex powers A~ s does not 
exist.) 

The formula (6.31) provides us with a definition of a canonical determinant of 
elliptic PDOs in its natural domain of definition. This determinant is a function 
of A G Ello(M, E), d G C x , and of a(logA). A simple sufficient condition for the 
existence of a(logA) is given in Remark p.9| below. For zero order elliptic PDOs of 
the odd class on an odd- dimensional closed manifold, a definition of their canonical 
determinant is given in Section [|, Corollary |4.1| . 

Some clearing and explanation of the problem of the existence of a log A if cr(log A) 
exists, is contained in Remark |6.3| . Let A be an invertible elliptic PDO such that 
cr(\ogA) exists and oidA G C x but such that the condition (6.14) for cr(\ogA) is 
not satisfied. Then we are sure that in general log A does not exist (though a(\ogA) 
exists by our supposition). 

Note also that if A is an elliptic operator of a real positive order d and if o~d{A) 
is sufficiently close to a positive definite self-adjoint symbol, the function (a(s) := 
(a,tt(s) and \og^ A can be defined by an admissible cut of the spectral plane 
(sufficiently close to Lm), Section §. In this case, the determinant (6.31) coincides 
with det^(y4). Namely in this case, 

d (A) = d (a(\og m A)), det(A) = exp (-<9 s | s=0 a,fr(>)| s =o) = det c (A). (6.32) 

Remark 6.8. With respect to the exponential maps in the determinant Lie group 
G(M,E) and in the group EIIq (M,E) of invertible elliptic PDOs of complex or- 
ders the situations are different. Namely these groups are fiber bundles over their 
quotients, 

p G : G(M, E) -> SE11 X (M, E), (6.33) 

p E : E11 X (M, E) -> SE11 X (M, E). (6.34) 

The fiber of (6.33) is Fq\F = C and the fiber of (6.34) is F (F and Fq are defined at 
the beginning of this section, (6.1)). The image of the exponential map in G(M, E), 
(6.33), contains the whole fibers of pc- Indeed, if o~(\ogA) G S\ og (M,E) exists, then 
{exp((x(logA) + c- 1) for c G C} in exp (g (I) ) -> G(M, E) is C x ■ d 1 (A) =p G 1 (a(A)). 

(If a a(logA) does not exist, then there are no points in pQ 1 (a(A)) belonging to 
the image of exp in G(M,E).) But in EIIq (M, E), (6.34), the picture is completely 
different. Namely let A G EIIq (M,E), oidA ^ 0, and let c(A) have a logarithm 
cr(logv4). However let the condition (6.14) be not satisfied for a(\ogA). Then we 
are sure that in general there are no log A with given a(logA). But it is clear that 
there is an element B G tU(M,E) with a(B) = a(logA). So exp I? G p E l (a(A)) C 
EIIq (M,E) and the image of exp in EIIq (M, E) contains some points in p E 1 (a(A)). 
However if the condition (6.14) is not satisfied for a(logA), then the differential of 
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the map B — > exp I? for B G e[[(M, E), cr(B) = a (log A), is not a map onto fibers of 
T{p- E 1 (a(A))). 

Remark 6.9. There is a rather simple sufficient condition for the existence of a(logA) G 
S\ og (M,E) for a given elliptic symbol u(A) G Ellg (M, It is enough that there is 
a smooth field of cuts L^(x,£) over points (x,£) of a cospherical bundle S*M such 
that L(o)(x,£) is admissible for the principal symbol ad(A)(x,^) (i.e., that ad(A)(x,£) 
has no eigenvalues on Lt$\) and that there is a smooth function /: S"*M — > K such 
that 0(x 1 ^) = f(x,£) modulo 27rZ. Under these conditions, the symbol a (A z ) is 
defined by the formulas (2.3), (2.6) of Section ||. Here the existence of f(x,£) is used 
in the definition of X z in (2.6) (since the branch of X z over (x,£) has to be changed 
smoothly in (x,£) G S*M). The condition of the existence of / is equivalent to a 
topological condition that the map 9: S*M -> S 1 = M/2ttZ is homotopic to a trivial 
one. 

Proposition 6.6. Let B\, B 2 be elements oftll(M,E) with the same symbols, cr(B^) = 
a (B 2 ), and such that ordBj G C x . Then d (Bi) = d (B 2 ) (where d (B) is defined 
by (Q.W)), i.e., 

d\ (exp Bi) I det (exp B\) = d\ (exp B 2 ) / det (exp B 2 ) . (6.35) 



Proof. Let B t , 1 < t < 2, be a smooth curve in ell(M, E) from B\ to B 2 such that 
a (B t ) = a (Bj) for t G [1, 2]. Then d l (exp B t ) / det (exp B t ) =: d (B t ) is defined for 
t G [1, 2]. By the definition of G(M, E) we have 

d\ (exp B 2 ) = d\ (exp 5 2 exp(— o?i (exp Si) = 

= detpr (exp i? 2 exp(— i?i)) d\ (exp i?i) (6.36) 

(because exp B 2 exp(— B\) G F and the identification Fq\F > C x is given by the 

Fredholm determinant). 

By Proposition |0| we have 

det (exp B 2 ) = detp r (exp B 2 exp(— B^) det (exp Bi) . (6.37) 

(Here, det (exp£>j) are defined by (6.30).) So (6.35) follows immediately from (6.36), 
(6.37). □ 

Corollary 6.2. The definition ^6.30^) of do(B) is correct. 

We have a partially defined section S — > d (S) G p^(S) of the fibration (6.3). 
Since 

d 1 (A)d 1 (B) = di(AB) 
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for A and B from Ellg (M, E), we have (using Remark |2.1|) 

det {jr) (AB)/det (jT) (A)det {jT) (B) ■ d (a(A)a(B)) = d (a(A))d (a(B)), (6.38) 

i.e., F(A, B)do(AB) = d (A)d (B), where F(A, B) = F(a(A),a{B)) is given by 
(2.19). Here we suppose that the principal symbols of A and B are sufficiently close 
to positive definite self-adjoint ones and that ordA, ordi? 6 R x . 

Theorem 6.1. The Lie algebra g(M,E) of the Lie group G(M, E) ^det*SEllo(M, E) 
is canonically isomorphic to the Lie algebra g defined by the central extension (5.6) 
of the Lie algebra g := S\ og (M, E). Ai 

The identification of the Lie algebras g(M, E) and g is done by the identification 
of the (local) cocycles for the Lie groups SEHq (M, E) and exp (g) defined by partially 
defined sections S — > d (S) and by X — > X (this section is given by ( 6A5) below) of 
the C x -fiber bundles G(M, E) -> SE11 X (M, E) and exp (g) -> SE11 X (M, E). 

Remark 6.10. On the Lie algebras level we have a central extension 

O^CA g(M, E) g -> (6.39) 
of g = S\ og (M, E) and a cocentral extension 

-> C5°(M, -> g A C -> 0. 
So we have a natural projection 

rp: g{M,E) -> C 

to a trivial Lie algebra C. The central Lie subalgebra of g(M, i?) is C, (6.39). (How- 
ever rpi: C — > C is the zero map.) On the Lie groups level we have the extension 

1 -> C x -> C7(M, £7) -> SE11 X (M, E) -> 1. (6.40) 

(Here, the central subgroup C x appears from a natural construction of the deter- 
minant Lie group G(M, E) but not from the exponential map of the Lie algebras 
extension (6.39).) The Lie group SEllg (M, E) is a cocentral extension 

1 -> SEU°(M, E) -> SE11 X (M, £) C -> 1, (6.41) 

where g is the order of elliptic symbols. 

Note that we have a similar situation in case of the subgroup SE11q(M, E) in (6.41). 
Namely there is a central subgroup C x := C x • Id SE11°(M, E). 



44 Note that g(M, E) is also canonically isomorphic to the Lie algebra defined by (5.6). Here, 
I = cr(logA) is the symbol of an operator A G Ell (M,i?) such that log A exists (i.e., some root 
A 1 ^ of A, k <E Z+, possesses a cut The canonical identihcations Wi ± i 2 : Qy^ — ► g(/ 2 ) 01 Lie 

algebras define the Lie algebra q. The associative system Wjjij of isomorphisms is given by 



Proposition 5.1, (5.11). 
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Set GS°(M,E) := SE11°(M, E)/iC x . Then the multiplicative residue res x , (1.10), 
defines a homomorphism 

res x : G5g(M, E) -> C (6.42) 

onto (additive) group C. We have to note that res x was initially introduced on 
SEHq (M, E) ( HWo2| ). However it defines a homomorphism to C, (1.9), (1.10), and 
is equal to zero on the normal subgroup C x - Id <— ► SE11q(M, E). So res x induces 
a homomorphism (6.42). We have to underline that res x (a) (for a G SEHg(M, E)) 
depends on a only and not on a smooth curve a(t) from Id = a(0) to a = a(l) used 
in (1.10). This assertion is equivalent to the equality 

resP = (6.43) 

for any zero order PDO-projector P G CL°(M, E), P 2 = P. (Here, res is the 
noncommutative residue.) The equality (6.43) is equivalent to the independence of 
Ca(0) (for invertible A G E11q(M, E), d ^ 0, such that complex powers A s exist) of a 
holomorphic family A s , i.e., to the fact that Ca(0) depends on A only. (The equality 
(6.43) is proved in |[Wol| .) 



However, "difficult" parts in the diagrams {(6.40), (6.41)}, and (6.42) are different. 
In (6.40) it is not easy to see from the definition of q that the central subgroup of 
G(M,E) is C x . (It is proved with the help of the direct definition of G(M,E) and 
of Theorem |6.1] .) The central subgroup of SE11°(M,£) is C x • Id (and it is an easy 
part). But the existence of the homomorphism (6.42) is equivalent to the equalities 
(6.43) for all zero order PDO-projectors P. This fact is equivalent to the existence 
of 77-invariants (and it is not so clear). 

Proof of Theorem Q Let X G SEU^(M, E), where d = d(X) G R x . Let log (7r) X 
exist. Set lx '■= \og^X/d{X). Then I = l x defines a central extension jg^ (5.6) of 
the Lie algebra q := S\ og (M, E). We have the splitting of the linear space 

g (0 = S log (M,E)®C-l. (6.44) 

(Here, 1 is the generator of the kernel C in (5.6). This splitting is defined by (5.7).) 
Hence the element I G S\ og (M, E) defines an element / G I := I + • 1. 
Set X be an element 

X := exp (d(X)l x ) = exp (lcjj^x) , (6.45) 

where log^X is the inclusion of log^ X G S\ og (M,E) in Q(i x ) with respect to the 
splitting (6.44). From now on by logX we denote the image of logX in g under the 
identification 45 Wi x : Q(i x ) Q- The element X in (6.45) is defined as the solution 



-15 



The identification Wi : 0m > g is defined by the identifications Wu j of Qm with Qn.-\ 
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X := X t \ t= i of the equation in G(M, E) 

d t X t =l^X-X t , X :=ld. (6.46) 

For an arbitrary A G S\ og (M, E) set Ui x (A) be the inclusion of A into Q(i x ) with 

respect to the splitting (6.44). Let Y G SE\Iq (Y) (M, E), d(Y) G R x , and let l Y := 
logF G 3 be defined. 46 

Remark 6.11. For any element X G SEllg(M, i?) and for any its logarithm dl, I G 
Si og (M, E), r(l) = 1, the element Xq) := exp w (dUil) in exp (g) is defined (II;/ is 
considered as an element of g) . 

Lemma 6.2. We have 

W lxlY U lx (A) = U lY (A) + (A - (r(A)/2) (l x + l Y ) , l x - l Y ) ms • 1, (6.47) 
[U lx (A),U lx (B)} = U lx ([A,B]) + K lx (A,B). (6.48) 

Here, r(A) ( defined by (5.2 )) is the order of a PDO-symbol expA for A G S\ og (M, E) =: 
g and K t (a,b) is the 2-cocycle of g = CS°(M,E) defined by (5.24) (I G r _1 (l) and 
a, be q). 

(The equality (6A7) means that under the identifications Wi^: Qn^ — > g(; 2 ) 



defined by Proposition |5.1| the elements n^(A) G Qn x \ are mapped to the elements 
U h (A) + (A - (r(A)/2) (h + l 2 ) ,l 2 ~h)-l ofg [h) .) 



Corollary 6.3. Under notations of Lemma |6.2| , for A G S\ og (M,E) with 5r(A) = 
we have 

5W lx (U X (A)) = Wi x (U X (5A)) -(A- r(A)l x , 5l x ) rcs ■ 1. (6.49) 



Proof of Lemma |6.2| . 1. For A := rl x + ao G g, r := r(A), and for Hi x A :- 



rl x + a + • 1 G Q(i x ), h ■= lx, h '■= W, we have 

W hh U h {A) = rl 2 + a' + {(h- l 2 , a ) TCS + r(l 2 -h,l 2 - h) TCS /2} • 1, 
where rl\ + a = rl 2 + a' , i.e., 

W hh U h (A) - U l2 (A) = {(h- l 2 , a ) res +r(l 2 -h,l 2 - h) Tes /2} ■ 1. (6.50) 
The term on the right in (6.50) can be transformed as follows 

(/i-/ 2 ,a ) rcs + r(/ 2 -/ 1 ,/ 2 -/ 1 ) rcs /2 = 
= (A - rh, h - l 2 ) rcs +r (l 2 -hJ 2 - h) rcs /2 = {A- (r/2) (h + l 2 ) , h - Z 2 ) res . 
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Under the latter condition, Y = Y t \t=i is the solution of the equation d t Y = \ogY -Y u Y a := Id. 
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The formula (6.47) is proved. 

2. For A = nl + ao, n := r(A), a G So, / := lx, ^i x ( A ) ■ = nl + a + ■ 1 e g (i) , 
and for B = r 2 l + b , r 2 := r(B), B G go, we have 

[U lx {A),U lx {B)} := [ ri l + a + 0-l,r 2 l + b + 0-l}~ (i) := 

= [nl + ao, r 2 l + b } Q + Ki (oq, b ) ■ 1 = n, x ([A, 5]) + ^ (o , 6 ) • 1 e 0(0- (6.51) 
The formula (6.48) is proved. □ 

Proposition 6.7. Let X G Ell* 1 (M,E), Y G EU^(Af,E), andXF G Ell^ 1+d2 (M, E) 
possess a cut Lt^\ of the spectral plane. Let d\, d 2 , and d\ + d 2 be from IR X . Then the 
elements X, Y , and XY are defined and the following equality holds 

XY (XY)' 1 = F(a,b) GC X . (6.52) 
Here, a := a{X), b := a{Y), and F(a,b) := F(X,Y) is defined by (2A9). 
We have the fixed central extension 

1 -> C x -> exp (g) -> SE11 X (M, £?) -> 1. (6.53) 

p 

Since X G exp (g), K and XF are the elements of the same group exp (g), and since 
p (XY^J — P {XY^J = XY, the expression on the left in (6.52) is an element of the 
kernel C x of (6.53). 

Remark 6.12. Proposition |6.7| claims that a partially defined cocycle 

f(X,Y) :=XY (xyY 1 



coincides with the cocycle F(a(X),a(Y)) defined by (2.19). The cocycle f(X,Y) is 
defined (in particular) for X and Y sufficiently close to symbols of positive self-adjoint 
elliptic PDOs of positive real orders. 

Remark 6.13. We use a non-standard and not completely rigorous notion of a "par- 
tially defined 2-cocycle" of a Lie group G (in our setting a subgroup of SEHq (M, E) 
consisting of real order symbols). We have in mind a function defined on an open 
set of pairs of elements of G obeying the cocycle condition on a nonempty open set 
of triples of group elements. The most close known to us notion is the cohomology 
of semigroups or monoids (see [ |McL|| , Chapter X.5). Indeed, in formulas for one of 



the standard cochain complexes computing the group cohomology one does not use 
inversion of elements of G. Namely 

n 

(dc) (gi, g n+1 ) = ^(-l) 4 c {g x , gig l+ i, g n +i) 

i+l 
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Here c denotes n-cochain of G 3 gi with the values in any trivial G-module, dc is the 
coboundary of c. 

It is known in topology that under some mild conditions, the cohomology of a 
semigroup coincides with the cohomology of the universal group generalized by this 
semigroup (see ||A3||, § 3.2, pp. 92-93). Formulas (6.122)-(6.128) are applicable in a 



more general situation than ours. These formulas show explicitly how to pass from 
partially defined 2-cocycles to germs at identity of cohomologous group cocycles. 
Moreover, arguments of Section |6.4| show that we have a canonical associative system 
of isomorphisms between corresponding central extensions of local Lie groups. Hence 
we obtain a canonical central extension of the local Lie group and of the corresponding 
Lie algebra. We will not develop a general formalism of partially defined cocycles 
here because in our situation we have made everything explicitly. 
Proof of Proposition |6.7| . The following lemmas hold. 

Lemma 6.3. Let a logarithm logX E g of X £ E11q(M, E), a ^ 0, exist. Set 
I := \ogX/a. Then for SX with SordX = we have 

XtfSX® = n (I) (X^SX) . (6.54) 

Here, X~ 1 SX E g := S\ og (M,E) and X^SX^ E g (g is the Lie algebra obtained by 
the identifications W^i 2 of the Lie algebras gm, / G r~ l {l)). 

Lemma 6.4. Set f(X,Y) := XY ^Xyj G C x . In the domain of definition for 
f(X, Y) the equality holds for 5X , 5Y such that SordX = = 5oidY 

(Sxf) -I' 1 (yv = (X-HX, l x - l Y ) + (Y- l X-HX -Y,l Y - l XY ) . (6.55) 

(X,Y) \ /res V /res 



Lemma 6.5. The expression on the right in ( 6.55,) is equal to 

[x-Hxj x -i YX ) m = s x f- r \ xy . 



(6.56) 



Remark 6.14. According to (2.18), (2.19) for 5X with SordX = we have 

5 X log F(X, Y) = (SX ■ X-\ l x - l XY ) = (X- 1 8X, l x - l YX ) . (6.57) 

V / res V / res 

Indeed, by conjugation with X we obtain according to (2.16) that 
[SX ■ X" 1 , l x - Ixy ) = [X^SX, l x - Wx) ■ 

\ / res \ / res 

Thus for such 5X we have 

5 x \ogF(X,Y) = 5 x f(X,Y). (6.58) 
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Remark 6.15. For X = exp(rii), Y = exp(r 2 Z) (with / G r C g, rj G IR X ) we 
have 

F(X,Y) = f(X,Y) = 0. 



Hence Proposition p.7| follows from Lemmas 6.3, 6.4, 6.5. □ 



SE11 X (M, E) 



Now we can finish the proof of Theorem |TT 
The (local) section S -> c/ (S) of the C x -fiber bundle G(M, E) 
is also defined by the cocycle F(A, B) = f(A,B). Thus we conclude that the real 
subalgebras of real codimension 1 of our Lie algebras, consisting of elements of real 
orders, are canonically isomorphic (by Remark |6.13| we have an isomorphism of lo- 
cal Lie groups). Moreover, this isomorphism is complex linear on the subalgebras 
consisting of elements of zero order. Hence the complexification of our isomorphism 
along one real direction (of ord) gives us a canonical isomorphism of complex Lie 
algebras. Theorem lO is proved. □ 



Remark 6.16. The local section X of the C x -fiber bundle exp (g) — > SEHq (M, E) is 
the exponential of the cone C C g of the null vectors for the invariant quadratic form 
on g defined by Proposition [57|. Indeed, logX = ordX • l x (for ordX ^ 0) is an 
element of the cone C\ x C Q(i x ) of the null vectors for the invariant quadratic form 
A\ on Qa x ) (defined by (5.25)). These cones C\ are canonically identified with the 
cone C C g (under the system of isomorphisms Wi^, Proposition |5.1| ). 

In the proof of Theorem |6j] we show that elements do(a(A)) G G(M, E) for elliptic 
symbols o{A) with a := ordA G M x (and such that the principal symbols a a (A) are 
sufficiently close to positive definite self-adjoint ones) belong to the exponential of 
the canonical cone C C g. 

We define also the elements d (a{logA)) for elliptic A with ord A G C x such 
that a(\ogA) exists. It follows from the definition of do(a(\ogA)), (6.32), that such 
elements form the exponential image of a C x -cone in the Lie algebra g(M, E) of 
G(M, E), g(M, E) is canonically identified with g by Theorem |6.1| . 

Thus there are two C x -cones in g whose intersections with the hyperplane of log- 
arithmic symbols of real orders coincide (in a neighborhood of G g). So these two 
cones coincide. 



Proof of Lemma |6.3| . Let X t be a solution in SEHq (M, E) of an ordinary differential 
equation 



d t X t = al x X t 



X :=ld. 



(6.59) 



(Under the conditions of Lemma B.3 , we have X = X\. The solution of (6.59) exists 
for < t < 1.) 
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Let X t be a solution in G(M, E) (6.10) of the equation 

d t X t = Il x (alx) ■ Xt, X := Id . (6.60) 



By Lemma |6.6| below, we have 

SX ■ X" 1 = f 1 Ad (X t ) ■ 5 X (alx) dt, 
Jo 

6 X X ■ X- 1 = jf 1 Ad (X t ) ■ 5 X (aU x lx) dt. 



(6.61) 



We have also 

dt (Ad (X t ) ■ mo) = ad (al x ) ■ m t (6.62) 

for m G := S\ og (M, E), m t := Ad (X t ) ■ m . 

Under the conditions of this lemma, an element m := Sx (alx) belongs to 
CS°(M, E) =: O e S log (M, E) =: g and we have 

U x d t m t = d t Yl x m t = ad (aU x lx) • ^-xm- (6.63) 

To prove (6.63), note that 

U x d t m t := Il x (ad (al x ) ■ m t ) = ad (aU x lx) • H-xm- (6.64) 

The latter equality follows from (5.7) and from (5.5) since for an arbitrary C G Qo 
we have 

[U x alx, KxC}~ (ix) = Tlx [alx, C] + K lx [l x , m t ) ■ 1, (6.65) 
and since Ki(l, C) = for C G 0o- Hence we have two dinamical systems 

d t nC = ad (alx) -C on a Q 3 C, 

! (6 66) 

dt,(i x )Ci = ad (II X (al x )) ■ Ci on Q {lx) 3 C x , 

such that they are in accordance with a linear map Tlx'- Qo B(i x )i i- e -' we have 

Yl x d t ,oC = Tlx (ad (al x ) • C) = ad (U x (a x l x )) ■ U X C = d tAlx) U x C. (6.67) 

The equality 

Yl x m t = Ad (X t ) ■ n x m =: m t (6.68) 

follows from (6.67) and (6.63) since the equation (6.60) has a unique solution. From 
(6.68) we have 

m t G Ux&o, (6.69) 
since m t := Ad (X t ) ■ m G Qo for m G Qo- 



96 MAXIM KONTSEVICH AND SIMEON VISHIK 

It follows from (6.61), (6.63), (6.68) that 

U x (6X ■ X" 1 ) = U x J* m t dt = £ U x m t dt = £ m t dt = 5X ■ X' 1 . (6.70) 
To prove the equality (6.54), note that 

X-^SX = Ad (X^ 1 ) o (SX ■ X- 1 ) , 

~ ~ z - \ / - - \ (6-71) 

X^SX = Ad (X- 1 ) o 5X-X- 1 ) , 



X- 1 = X t \ t =-i for the solution X t of (6.59), X' 1 = X t \t=-i for X t from (6.60). 
We see from (6.70) and from (6.60) that 

U x (5X ■ X- 1 ) = 5X ■ X~\ 5X ■ X' 1 G g , 

V /~x * ( 6 - 72 ) 

U x m t = Ad (X t ) ■ U x m 

for m G 00) m t '■= Ad (X t ) ■ m . Hence we obtain 

X' 1 -5X = Ad (X- 1 ) (8X ■ X- 1 ) = Ad (X t |t=_i) o U x {5X ■ X' 1 ) = 

= U x Ad(X t \ t= _ 1 )-U x (5X-X- 1 ) =U X (X- 1 5X). (6.73) 

The latter equality in (6.73) follows from (6.65), (6.64), and from (6.59) since Ad (X t )- 
(X~ X 8X) G 0o- The lemma is proved. □ 

Lemma 6.6. Let A be a symbol from SE11q(M, E) (a G C) or let A be an element 
of the group G(M,E) (defined by (6.10)). Let there exist a logarithm Ca of A, 
A : = exp (Ca)- 47 Let 5 A do not change an order of A. (For A G G(M, E) the order 
ofp(A) G SE11 X (M,£) is defined, p: G(M, E) -> SE11 X (M, E).) Then we have 

5A- A' 1 = F(a,d(C A ))o5C A , (6.74) 

where 

F (ad (C A )) := f 1 dt Ad (A t ), A t := exp (t£ A ) . (6.75) 
Jo 

Proof. According to Duhamel principle we have for A := exp (Ca) 

5A= f 1 A t 5C A A 1 _ t dt. 
Jo 



Hence we have 

5A 



A- x = f 1 Ad(A t )-5C A - (6.76) 
Jo 



A7 C A is an element of g := Si os (M,E) for A e SEllJ (M,E) or of g for A e G(M,E). We have 
A = A t \ t=1 , where d t A t = C A ■ A t , A := Id. 
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Remark 6.17. According to the equality 

/ dt expCtz) = (exp z — l)/z 
Jo 

the expression F (ad (Ca)) in (6.75) has formal properties of (exp z — I) / z\ z=aA ^c A ). 
Proof of Lemma |6.4j . We have 

s x f ■r l -i = x~ l (5 x f ■ r 1 ■ i) x 



since / G C x ■ 1 G Kerp (p is from (6.53)) and since 5xf • f 1 is an element of the 
kernel C in the central extension (5.6). Hence 

5 x f ■f~ 1 -l = X~ l 5X - Y (XYY 1 5 x (XT) Y~\ (6.77) 



According to Lemma |T3| we have 

X~ x bX = Tl x (X^SX) , 
(XYy l 5 x (AT) = TIxy ((XYy^xiXY)) = (6.78) 



because Sx ord(AF) = 0. 
By Lemma |6.2| we have 



TIxy (Ad (y- 1 ) o (x-Hx 



Ux (x-Hx) = n y (x-Hx) + (X~ X 8X, l x - W] 
Ti XY [{xy)- 1 8{xy)) = n y (Ad (y- 1 ) o (x^sx)) + (6.79) 

+ (Ad (y~ 1 ) o (X~ 1 5X) , l XY - W 



since X 1 SX G 0o- Hence we get 

5 x f • r 1 ■ 1 = {n y (x~ l 5x) - YTi Y (Ad (y- 1 ) o (x~ l 5x)) y- 1 } + 

+ (x-Hx, i x - W) res + (Ad (y- 1 ) o (x-Hx) , w - /xy) res • (6.80) 

The assertion of the lemma follows from (6.80) and from Lemma ^T7| below. The 
latter lemma claims that the first term on the right in (6.80) is equal to zero. □ 

Lemma 6.7. Let Y be an element from SEIIq (M, E) of nonzero order a and such 
that logY = oIy is defined. Then the linear operator n y : go —* 8(i Y ) commutes with 
Ad(Y) and with Ad (y). 48 Namely we have 

Ad (y) o Tl Y Z = TL Y (Ad(y) o Z) (6.81) 



1.x 



To remind, Y := exp {U Y (al Y )) lies in G(M, E). 
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for Z eg (:=S log (M,E)). 

Proof. Let Y t be a solution of an ordinary differential equation in SE11J (M, E) 

d t Y t = al Y -Y u Y Q :=ld. 

Let Yt be a solution in G(M, E) of 

d t Y t = U Y (al Y )-Y t , Y :=ld. 

Then we have Y — Yi, Y — Yi, and 

Ad (Yt) U Y Z = U Y (Ad(Y t )oZ) 

according to (6.68). The lemma is proved. □ 
Proof of Lemma EL5. We have from (2.16) that 

'Ad (Y- 1 ) o (x^SX) , l Y - l XY ) = (X-HX, Ad(Y) o (l Y - l XY ] 



X^SX, l Y - Iyx) ■ (6.82 



Hence, from (6.55) and from (6.82) we see that 

(s x f-r l )[ xx) = (x- i 6x,i x -i YX ). 

The lemma is proved. □ 

Remark 6.18. The holomorphic structure on the determinant C x -bundle 

p: G(M, E) -> SE11 X (M,E) (6.83) 

is defined. The reason is that all Lie algebras in our situation have natural complex 
structures and the isomorphism from Theorem Bj] is defined over C. 



Proposition 6.8. Let C be a positive definite elliptic PDO of order m > 0, C = 
exp(mJ), J G ett(M, E), J := log^) C . Then the splitting ( QAA) ofg^ with I := cr(J) 

Q(*(j)) = S © C • 1 (6.84) 
is defined by a homomorphism fj\ CL°(M,E) — > C, 

fj(L) := TR(Lexp(-sJ) - res a(L) / s)\ s=0 . 
Namely for a curve exp (tL) e Ellg(Af, E) we have 

9 t log(rf 1 (exp(tL))/exp (m a{J) a{L))) \ = fj(L). (6.85) 



t=o 

is a 



Here, di(exp(tL)) is the image of exp(tL) in G(M,E) and exp (tH a (j-)(j(L) 
solution in G(M, E) of the equation 

d t u t = (p. a{J) a(L)) m, u = Id, 
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H a (j)(j(L) is the inclusion of a(L) C go C g into Q( a (j)) with respect to the splitting 
(6M). 

Proof. The formula (6.85) follows from Proposition |7. 1| , (7.7), (7.8) below. □ 

6.1. Topological properties of determinant Lie groups as C x -bundles over 
elliptic symbols. For the sake of simplicity the following lemma is written in the 
case of a trivial C- vector bundle E :— In with N large enough. 

Lemma 6.8. For a trivial vector bundle In —'■ E, where N is large enough, over an 
orientable closed manifold M , dimM > 0, the C x -extension G(M, E) ofSEl\$(M,E) 
is nontrivial. 

Namely the Chern character of the associated linear bundle over SEUq (M, E) is 
nontrivial in H* (SEIIq (M, E), 



Proof. 1. The principal symbols of a family of elliptic operators from EIIq (M, 1^) 
(parametrized by a map of a smooth manifold A, ip: A — > EIIq (M, In)) define a 
smooth map 

<p symb : AxS*M ^U(N). (6.86) 

If N is large enough, then the space of such maps is homotopy equivalent to the 
space of maps from A into U(oo). The fT-functor K~ X (A x S*M) is defined as 
the set of homotopy classes [A x S*M ; U(oo)) ( [ |AH|| , 1.3). The Chern character 
ch: K~ l (A x S*M) -> H odd (A x S*M, Q) defines an isomorphism of K~ x ® Q with 
H odd ( pg^ 2.4). 

2. The space Ell (M, 1^) is a bundle over SEUq (M, In) with a contractable fiber 
F = {Id+/C} = 7r _1 (Id), where JC are operators with C°°-smooth kernels on M x M 
(i.e., smoothing operators). The determinant of the index bundle over EIIq (M, 1^) 



is isomorphic to the pull-back n*L to Ell (M, 1^) of the associated with G (M, 1 
linear bundle L over SEUq (M, In)- The Chern character of tc*L restricted to a family 
A of elliptic operators is given by the Atiyah-Singer index theorem for families 50 

ch U b L) = ch(^VL) = / T(S*M) ch(u A ). (6.87) 

Here, T(S*M) is the Todd class for T(S*M) <g> C, T corresponds to 



n 



exp(^) 1 - exp(-yi) 



1!) 



This isomorphism of linear bundles is not canonical. The existence of such an isomorphism is 



proved in Section 5.2 

50 The orientation of S*M differs from the orientation in [AS1], [AS2] and coincides with its 
orientation in Ipl . 
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where y$ are basic characters of maximal torus of 0(n) and the Pontrjagin classes 
Pj(TX) are the elementary symmetric functions Oj of {yf}, T = 1 — pi/12 + . . . . 
The ua in (6.87) is an element of K~ l (A x S*M) corresponding to <p sym b (6.86). Its 
Chern character ch (ua) G H odd (A x S*M) corresponds to an element ch (Sua) G 
H ev (Ax S*M,Ax S*M) in the exact sequence of the pair (B*M,S*M) ( JKEj , 1.10). 
Here, B*M is the bundle of unit balls in T*M and S: K~ l (A x S*M) -> fT°(A x 
B*M, A x S*M) is the natural homomorphism. By the Bott periodicity, 



3. The family ip: A — > Ello (M, In) is a smooth map to the connected component 
of the operators with their principal symbols homotopic to a trivial ones. Hence for 
any a G A the map <p S ymb(a) '■ a x S*M — > U(N) is homotopic to the map to a point 
in U(N). Up to the multiplication of the element u(a) := [<p sy mb(a>)] £ K l (S*M) by 
a number n G Z + the latter condition is equivalent to the equality ch(w(a)) = in 
H odd (S*M, Q). (Here, we suppose that N is large enough. The torsion subgroup of 
K l (S*M) is a finite group.) 

Let A be an orientable closed even-dimensional manifold. Then there is a smooth 
map fsymb- A x S*M — > U(N) (where N is large enough) such that 



4. Let A = E be an orientable compact surface. Let a smooth map (p S ymb satisfy 
(6.88). Then the integer multiple of (p sym b 



n G Z + is homotopic to a trivial one under the restriction to a x S*M for any a G E. 
So there is a smooth family ^ of elliptic PDOs with their principal symbol map 
n ■ Vsymb, (pi - S — > EUq (M, l n jv). By (6.87) and (6.88) we have 



ch (Ind^x) [E] = ch (<^tt*L) [E] = 

/ T(S*M) ch (« E ) = ch (ny^ m6 ) [S*M x E] ^ 0. 



K (A x 5*M) = if 1 ^ x 5*M). 



ch (<^ mfe ) [A x S*M] ^ 0, 
ch(y> s2/m6 (a)) = 0. 



(6.88) 



n-<f symb : E x S*M -+U(nN), 




Then ch(L) is nontrivial in H odd (SE11* (M, l nN ) , Q) because 



ch(L) [<^E] = ch (Ind^i) [E] ^ 0. 



The lemma is proved. □ 
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6.2. Determinant bundles over spaces of elliptic operators and of elliptic 
symbols. The line bundle over SEUq (M, E) associated with the determinant Lie 
group G(M, E) can be defined as follows. The determinant line bundle over the group 
EIIq (M,E) of invertible elliptic operators is canonically trivialized (as Ker A = = 
Coker A for A G EIIq (M, E)). Any two operators A 1 , A 2 G EIIq (M, E) with the same 
symbols differ by myltiplying by B = A 2 A{ X G {Id+/C}, /C are smoothing. The 
identification of fibers C = L inv (Ai) 3 1 and L inv (A 2 ) 3 1 over A\ and A 2 is defined 
as 

£ G L mv -> £/det Fr (B) e L inv (A 2 ) . (6.89) 

Here, det Fr (B) is the Fredholm determinant. These identifications define the line 
bundle L over SEUq (M, E) canonically isomorphic to the linear bundle associated 
with the principal C x -bundle G(M, E) over SEUq (M, E). The holomorphic structure 
on the C x -bundle G(M, E) over SEUJ (M, £) (defined in Remark gOg) gives us the 
holomorphic structure on the associated line bundle L. 

The group G(M,E) is the group of nonzero elements of L. The image d\(A) of 
A G Ellg (M, E) in F \ EIIq (Af, E) = G(M, E) (satisfying the multiplicative property 
(6.8)) corresponds to the unit 1^ in C = L inv (A). The definition (6.89) is compatible 
with (6.8) because for £ G C x we have 

£ • l Al = £ • d (Ax) = £ ■ d (Ai^- 1 ) • d (A 2 ) = £/det Fr (AsAr 1 ) ■ U 2 . 

Here we use for A1A2 1 =: B the equality 

det Fr (B) = d x {B) G F \F = C x G F 

(where F are invertible operators of the form Id+/C, AT is smoothing). 

The determinant bundle det eh over the space of elliptic PDOs has the determinant 
line det (Coker A) ® (det (Ker A))' 1 = det EU (A) as its fiber over a point A G E11(M, E). 
Here, det(V) := A max V for a finite-dimensional vector space V over C and L _1 is the 
dual space to a one-dimensional C-linear space L. (An elliptic PDO A G E11 9 (M, E) 
of any order q defines the Fredholm operator between Sobolev spaces (M, E) 
and if( s _ m )(M, E), where m := Reg, and Ker A C C°°(M,E) is independent of s, 
H62|, Theorem 19.2.1 and Theorem 18.1.13 also. The space Coker A is antidual to 



Ker A* C C°°(M,E* <g> fi), where F* is antidual to E and Q is the line bundle of 
densities on M.) 

Let det EU be the restirction of detEii to the connected component E11 (M, E) of Id 
of the space of elliptic PDOs. The natural fibration 

7T : E11 (M, E) -> SE11 X (M, E) (6.90) 

over the space of symbols of invertible elliptic PDOs has contractible fibers (Id +K)-A 
(where A is an invertible elliptic PDO with a given symbol and K, are smoothing 
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operators, i.e., their Schwartz kernels are C°° on M x M). Hence there are global 
sections of this fibration. 

Proposition 6.9. The linear bundle det E n over E11 (M, E) is isomorphic to n*L, 
where L is the linear bundle over SEHq (M, E) associated with the determinant Lie 
group (and tt is the projection (6.90)). This identification is not canonical. Any 
global section s: SEHq (M, E) — > E11 (M, E) defines a canonical identification of line 
bundles s* det^u and L over SEIIq (M, E). 

This assertion is proved with the help of the following lemma. 

Lemma 6.9. There is an associative system ifA^Ai'- detsn (Ai) detsu (A 2 ) of 

canonical linear identifications for Aj from the same fiber of n. If Ai and A 2 are 
invertible elliptic PDOs, then detsn (Aj) is canonically C and (pAi,A 2 ^ s the multipli- 
cation by the Fredholm determinant (detp r (B))~ , B := A 2 A{ 1 . 

Proof. These identifications are defined as follows. Let A , A±, A 2 be elliptic PDOs 
from the same fiber of n and let A be invertible. There are smoothing operators Sj, 
j = 1,2, such that 

Aj = (ld+Sj)A . 

The determinant line Li nv (Ao) is canonically C. The PDO Aq defines (in a canon- 
ical way) the identification of L inv (A ) with (det(Ei)) ® (det(i?o)) _1 ? where E C 
F(M,E) is a finite-dimensional space of smooth sections, E 1 := AqE . Let E , 
Ei be finite-dimensional subspaces of T(M, E) such that Ker^ C E and the im- 
age of the natural map from E\ into Coker A 1 is Coker A 1 . Then the determinant 
line detEii (A±) is canonically isomorphic (by the action of the operator A\) with 

det (Ei) <8> (det (-^o)) • 111 particular, it is canonically identified (by Ai) with 

det (A E ) (det (^o)) _1 , E := E (A 1 , A ) = A^K_, (Si) , (6.91) 

where K_i (Si) is the (algebraic) eigenspace for S\ corresponding to Si-eigenvalue 
(— 1) (i.e., d\m.^K_\ is the algebraic multiplicity of (—1) for Si). The operator Si is 
a compact one in L 2 (M,E). Hence dimE (A 1 ,A ) = dim_ft'_ 1 (Si) < oo. We have 
the composition of canonical isomorphisms (for E := E (A ± , A )) defined by the 
operators A and Ai, 

L inv (A ) det (A E ) ® (det (^o))^ det E11 (Ai) . (6.92) 

The truncated Fredholm determinant det^y (Id+jSi) is defined as the Fredholm 
determinant of the operator (Id +Si) restricted to the invariant subspace for (Id +Si) 
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complementary to K_i (Si) in L 2 (M,E). The identification of the lines 

Pa ,Ai '■ Linv (Ao) det E n (Ai) 

is the composition of the identifications (6.92) multiplied by (det^ r (Id +Si)) \ (Note 
that if Ai is invertible, then E = 0, det (E Q ) is canonically C, and detp r (Id+<Si) = 
det (/Mo 1 ). So this definition is compatible with (6.89).) The identification of the 
lines 

(fiA u A 2 ■ det E n (A^ ^ det E n (A 2 ) (6.93) 
is defined as (Pa ,a 2 • (^Ao.aJ -1 - 

Lemma 6.10. The isomorphism ( 6.93,) is independent of an invertible PDO A from 
the same fiber. 

Proof. Indeed, let A' be another invertible PDO with the same symbol as a(A ). 
Then we have 

(PAo,A! = Va' ,a^a ,a^ (6.94) 

where <^a ,a' is the identification (6.89) of the lines L inv (Ao) = detsu (Ao) and 
det E11 (A ). 

To prove (6.94), we use the interpretation of the isomorphism (fA ,Ai as follows. 
We have 

VMM (U>) = det' Fr [A x Af) ■ (A e A e ') , (6.95) 

where e G det (-Eo), e o 7^ 0, and A e is the image of e in det (-^i) : = det ^A Eoj. 
(Here, Ej are the same as in (6.91). The determinant line bundle det (Ei) <8> 

(det (-^o)) is identified with detsu (Ai) by ^ (Ai).) Let ^ be a finite-dimensional 
invariant subspace corresponding to algebraic eigenspaces for AiAq 1 with eigenvalues 
A G Spec (A^o 1 ), |A| < C, C G R+. So ^ C #i. Set £ := Aq 1 ^. Then we have 

y^ , Al = (det , Fr ((l-m)^i^o 1 ))^Ao,A 1 (^.), (6-96) 
where y>M,M (E») is the composition of identifications (defined by A and A\) 

L mv (A ) det (E ± ) ® det (i^ 1 ) det E11 (A) , (6.97) 

and is the spectral projection of L 2 (M,E) on the algebraic eigenspaces for 
AiAq 1 = Id +Si with eigenvalues A, |A| < C. The determinant lines det(£'.) := 
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(det (Ei)) g> (det (Eq))' 1 and det(E.) := (det (E^ <g> (det (eS) 1 in (6.97) and in 
(6.91) are identified by A , 

i>E.,E. (4)) : det (it.) det(£.). (6.98) 

The elements in these determinant lines corresponding to the same element a G 
det (Ai), a ^ 0, are connected by the identification (6.98). (This assertion is compat- 
ible with the ratio of Fredholm determinant factors in the expressions for <pa ,Ai with 
the help of ipA ,Ax(E.) and tpA ,Ax Hence ifiA , Al (1a ) can De interpreted as 

an element of the system of determinant lines det(E.) identified by ip E E (A ) with 
det (e»\ This assertion means that formally <fA ,Ai (1a ) has the properties of the 
expression A e A e" 1 , where e is a nonzero "volume element" from "det (L 2 (M, E))" 
and A e is the image of e in "det fiJ(_ OT )(M, -£?))", m := Re(ordv4 ). Here, e is de- 
fined by a basis (ei, . . . , e n , . . . ) from a class of admissible basises in L/2(M, E). This 
class is defined as an orbit of a given orthonormal basis by the action on it of the 
group F of invertible operators of the form Id +JC, K, are smoothing. 

Let e be the volume element defined by an admissible basis (ei, . . . , e n , . . . ) and 
let / be the volume element defined by (f%, ...,/„,...) = B (ei, . . . ,e n , . . .), B £ F. 
Then we have 

/ = det Fr (B) • e, A/ = det Fr (B) ■ Ae. (6.99) 
(This interpretation has some analogy with the construction of the determinant bun- 



dle over the Grassmanian of a Hilbert space in |[SW|1 , § 3.) 

Let Ao be an invertible PDO with the same symbol as a (A))- Hence we have by 
(6.95), (6.99) 

<PA' , Al (U' ) = A' e A e- 1 = det (A f A x ) (A e A e" 1 ) = det (A' A^) <pa , Ai (U ) • 
So the equality (6.93) is proved since 

<PA ,A' (U ) = (det Fr (A' A x )) 1 ■ 1^. 
The lemma is proved. □ 

Proof of Proposition |6.9|. Let s be a section of the fibration (6.90), its = Id on 



SE11*(M,£). Then the line bundle s* det E u over SE11*(M,£) is isomorphic to the 
line bundle L associated with the C x -fibration of the determinant Lie group over 
SEllo(M, E). Namely the associative system <Pa 1 ,a 2 identifies linearly the fibers of 
det eh for Ai, A2 from any fiber of ir and defines a line bundle L\ over SEUq (M, E) 
isomorphic to L. The linear bundle detsu is isomorphic to -r*L\ = n*L since n is a 
fibration with constructible fibers. We have 

L = s*tt*L = s*tt*Li = s*det EU . 
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The canonical identification L = L\ follows immediately from the coincidence of the 
identifications (6.89) with ^>a 1 ,a 2 f° r invertible Ai, A2 and from the associativity of 
<Pa u a 2 given by Lemma |6T9| . □ 



Remark 6.19. (A holomorphic structure on det E11 ) A natural holomorphic structure 
on Ello(M, E) is defined as follows. We have a natural projection 

p: E\\ (M,E) -> SE11 (M,£) (6.100) 

with an affine fiber {Id+/C}, where /C are smoothing. (Elements of this fiber may 
have the zero Fredholm determinant.) A projection p\\ E11q(M, E) — > ps(M,E) on 
the space of principal elliptic symbols (of all complex orders) has as its fiber an affine 
space Id +CL~ 1 (M, E). These fibers have a natural complex structure invariant 
under the adjoint action of the group EIIq (M, E) of invertible elliptic PDOs. The 
base ps(M,E) has a natural complex structure (analogous to the one defined in 
Remark [4.18| . This structure induces complexes structures on all other connected 



components of E11(M, E) by (left or right) multiplying by representatives of these 
components. 

The line bundle det E11 over Ello(M, E) has a natural holomorphic structure. It is 
the structure induced from a holomorphic structure on the determinant line bundle 
L on SE11q(M, E) (associated with G(M, E) 51 ) under a (local) holomorphic section 
r of p, r : U — > p~ 1 U . A holomorphic section of det EU over r(U) defines a section of 
det E11 over p~ l (U) with the help of the canonical associative system of identifications 
(defined in Lemma |6.9|) of the fibers of det EU over the fibers p~ 1 (x), x E U. These 
sections over p -1 (i7) define a natural holomorphic structure on det E11 . 

6.3. Odd class operators and the canonical determinant. The odd class PDOs 
are introduced in Section |j. They are a generalization of DOs. Let Ell? -n(M, E) C 
EUq (M, E) be a subgroup of invertible elliptic PDOs of the odd class. 52 Then the 
subgroup of EUq (M, E) generated by elliptic DOs is contained in Ell? ^(M, E) and 
every element of Ellf^M, E) has an integer order. 

The multiplicative anomaly on an odd- dimensional closed manifold is zero for op- 
erators A, B E E11( X _ 1 )(M, E) suchthatordAord-BjOrdA+ord-B G Z\0. Thus using 
the multiplicative property, we can define unambiguously a determinant det(A) for 
zero order A £ E1L X _^ (M, E) with ctq(A) close to a positive definite self-adjoint 



one, Corollary £T. The canonical determinant det(_i)(A) for any odd class invert- 
ible zero order elliptic PDO A (on an odd- dimensional M) with a given cr(logA) G 
CS^_^(M, E) is defined below, (6.111). These two determinants are equal for odd 



51 



The line bundle L over SEllg (M, E) is explicitly denned at the beginning of this subsection. A 



natural holomorphic structure on it is defined with the help of Remark 6.18 
52 E11q (M, E) is the group of invertible elliptic PDOs of complex orders. 
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class elliptic A of zero order sufficiently close to positive definite self-adjoint ones and 
for an appropriate a (log A). (It is proved below.) 

Let £r(_i)(M, E) be the determinant Lie group restricted to the odd class elliptic 
PDOs, i.e., £?(_!) (M, E) be the quotient F \ E11 ( X _ 1) (M, E). 

Let EIL^ (M, E) 3 Id be a connected component of Ell(_i)(M, E) and let 



Gl 1} (M,E) :=F \Ell° { _ 1)fi (M,E) 



be an appropriate determinant Lie group. Then the Lie algebra tW_^(M, E) of 



EllJ 1 ,!) i0 (M, E) is equal to CLj_ 1} (M, £) by Proposition 

Let lj := a (log^ A^j / ord A,-, where Aj G Ell™^ (M, E), rrij are even, ^ 0, 
and L(g.) are admissible (for Aj) cuts of the spectral plane. Let ) be a one- 

dimensional central extension of the Lie algebra CS®_^(M, E) given by the cocycle 
K (h) (M,E), Lemma |3, (5.5), Remark [O], (5.6), (5.7). 



Remark 6.20. In the definition of logarithmic symbols o (log A,-) it is enough to use 
a smooth field of admissible for (Aj — A) -1 spectral cuts 6j : P*M — > 5 1 = IR/27rZ as 
in Remark [4.8| . (This map has to be homotopic to a trivial one.) These fields of cuts 
may depend on Aj. 



For such defined logarithmic symbols lj = a (log Aj) / ord A, , Propositions |6.10| , 
|6.11| , Lemma |6.11| (and Corollary |6.4|) are valid. The existence of such fields of 
spectral cuts is a property of a symbol a (Aj) (but not of an even order PDO Aj 
itself). If these fields exist, then the Lie algebras (over Z) gf^n^ Sf-i) (h) 

(defined below) are canonically identified by W^i 2) Proposition |6.11 



Proposition 6.10. The extensions fj(-i),(jj-) of the Lie algebra CS^_^(M,E) for a 
closed odd-dimensional M are canonically identified by an associative system of iso- 
morphisms Wi ± i 2 : §(-1)^) — > 0(_i) i (; 2 ) defined in Proposition |5.1|, (5A1). These iso- 
morphisms are Id with respect to the coordinates in (5A1). 



Proof. By Corollary [O] and by Remark W^\k~k belongs to CS? 1} (M, E). So the 
identification (5.11), Wi 1 i 2 (a + c ■ 1) = a + d • 1, for a G CS^-^M, _E) is given by 

c ' = c + (Zi - Z 2 , a) res = c (6.101) 



in view of Remark O , i.e., Wi x i 2 = Id. □ 

However the logarithms of the odd class elliptic PDOs form a Lie subalgebra (over 
Z) e[[f_ 1} (M, E) C dl(M, E). Elements of dlf_ 1} (M, E) take the form mL + a, where 

m G Z, a G CS°(M,E), and 2L is a logarithm of an element of EU?_ 1)>0 (M, E) 
(for example, of Ae + Id, A# is the Laplacian of a unitary connection V s on i?). 
Analogous subgroups 8{-i),(i) °f are defined. 
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Proposition 6.11. The identifications W^i 2 , (5.11), 

W hh- Q(-l),(h) TZ 4 8(-l),(fa) 

are Id (over S(-i) 7 i og (M, E), the Lie algebra over Z of SEll*^ (M, E)) on an odd- 
dimensional closed M with respect to the coordinates f5.ll ) in the central extensions. 
(Here, lj are under the same conditions as in Proposition |6.10| J 

Proof. An element qh + a + c ■ 1 G fl^i^^j, G Z, is identified by Wj 1 z 2 with 
ql 2 + a' + c' -1 e 0f_i) i( / 2 ), where 

g/i + a = ql 2 + a G S , (_ 1 ) ) i og (M, 
c' = c + (Zx - Z 2 , a) res + g (Zx - Z 2) Z x - / 2 ) res /2. 

By Remark |4l^, d — c because h — h G CS9 X \{M,E) by Corollary [L3| and by 
Remark |4.7| . □ 

The associative system of identifications Wi x \ 2 : gf^ 0?_i) (/ 2 ) defines a 

canonical Lie algebra 0?_;n over Z which is a central extension of S , (_i) ) i og (M, i?) with 
the help of C. 

Lemma 6.11. The cocycle K\, (5.'h), is trivial on 5 , (_i) i i og (M, E) for a closed odd- 
dimensional M. Here, I satisfies the same conditions as lj in Proposition p.10. 



Proof. By Remark L5 it is enough to show that [I, a] G CS^_^(M, E) for some even 
m. Then exp(mZ) G SEU™ 1)]0 (M, E). There is an invertible A G Ell™ 1)i0 (M, E) with 
o~{A) = exp(mZ). By (4.17) and by Remark 477 we have 



0~—ms—] 



(Aft) (x,0 = (-l)V_ ms -,- (Aft) (x,-0 (6.103) 
for an admissible for A cut L^y So we have 

( A w) '°L™-i M = I " K)) ' Q ]- ws -,- (*> -0- ( 6 - 104 ) 



-ms—j 



Taking <9 s | s =o of (6.104), we obtain m[Z,a] G CS^_^(M, E). The lemma is proved. 
□ 

Corollary 6.4. The central extension g^_ 1 - ) (M, E) of S^i^i og (M, E) is canonically 
trivial. 

Indeed, by Proposition |6.11| the coordinates c ■ 1 in of^^Q.) with respect to the 
splittings 0f_x) ^ = S , (_i) i i og (M, E) © C ■ 1 do not change under the identifications 
Wi ± i 2 . By Lemma |6.11| the C-extensions g? i\n.\ of S , (_i) i i og (M, E) are trivial with 
respect to these splittings. 
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The canonical splitting fj(-i) = S , (_i) i i og (M, E) © C of this central extension gives 
us a canonical connection on the C x -bundle G(_i)(M, E) — > SEll?^ (M, E). Hence 
we can define locally a holomorphic function on the space of odd class elliptic PDOs 
on an odd-dimensional closed M. (A natural complex structure on EU( X _i) 0(^5 E) * s 
defined in Remark |4.18| .) Namely, if for A close to A Q we choose as do{A) a locally 
flat section over a (A) (with respect to the connection on G(_i)(M, E)), then 

Set (A) := d 1 (A)/d (A) G C x 

is holomorphic in A. Of course in general we cannot find a global flat section do(A). 
However we can define do(A) as a multi- valued flat section of G(_i)(M, E) over zero 
order symbols of the odd class such that do(A) is an anlytic continuation of the flat 
section do (A) near a (A ) = Id, where do (Id) is the identity of G(_i)(M, E). 

Let A# be the Laplacian on (M,E) for \QM^ E ^j: where gu is a Riemannian 

structure and V E is a unitary connection. Then we define do{A) for ordA = 2m, 
m G Z + U 0, as a multi- valued flat section of G(_i)(M, E) over SEILI™^ (M, E) such 

that da (Ag + Id) = d x (Ag + Id) / det (7r) (Ag + Id). 
Proposition 6.12. For such a section do(A) the determinant 

det(A) := d x {A)/do{A) (6.105) 

gives us a (multi-valued) holomorphic determinant of A e Ell*^^ (M, E) defined in 
Section [L5| , Proposition [4.10 . 



Remark 6.21. This holomorphic determinant is a multi- valued function f(A) defined 
up a constant factor c G C x , |c| = 1. Here we define a branch of f(A) equal to 
det (#) (A^ + Id) at the point A := A^ + Id G E11(™ ) (M, E). We can do this since 



|/ (AoW = det w (A™ + Id) = det w (A™ + Id) 



(6.106) 



Here we use that A^ + Id is self-adjoint and positive definite. 



Corollary 6.5. The monodromy of det(A) defined by (6A05) over closed loops in 
Ell x _ 1 - ) (M, E) is given by multiplying by roots of order 2 m of 1, where m depends on 
dimM only. (This assertion follows from Proposition (4.13| J 



Let A G Ell?_i) o(M, E) be an elliptic PDO of odd class on an odd-dimensional 
closed M with a fixed logarithmic symbol a{\ogA) G CS^_ x dM, E). Then A has a 



canonical determinant defined with the help of the Tr(_i) -functional, Proposition |4. 1| , 
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(4.2). This functional is defined for the odd class PDOs CL*_^(M, E) on an odd- 
dimensional closed M. Namely let B G tll(-i)(M, E) be an operator with o~(B) = 
cr(logA). Then the element 

rf ( _i )i0 (a(logA)) = rfi(exp J B)/det ( _ 1) (exp J B) (6.107) 

is defined, where di(exp B) is the image of exp B G EH° { _ 1) (M, E) in G ( _i)(M, E), 
Fq exp B, and 

det ( _i)(ex Pj B) := exp (-d a Tr ( _ 1) (exp(-s5))| s=0 ) G C x . (6.108) 

For all sGC an elliptic operator exp(-sS) belongs to E11(_ 1) (M,£7) cCL(_i)(M, E). 
Hence Tr(_i)(exp(— sB)) is defined for all s G C and is regular in s. 

Lemma 6.12. The element rf(_i) j0 (a (log A)) eG(~i)(M,E) is independent of a choice 
of B with a (B) = a (log A). 

Proof. Let B 1 G ell(_i)(M, E) and a(B) = a(B 1 ). Then 

di (exp Bi) = deti? r (exp B\ exp(— B)) <ii(exp B), 



det ( _i) (exp Si) = exp (-<9 S Tr ( _i) exp (sB^ 

= det ( _i)(ex Pj B) exp (-d 3 Tr ( _i 3 (exp (-s£i) - exp(-sB)) | ) . (6.109) 

An operator exp (— si?i) — exp(— sS) is of trace class for all s G C. It is even a 
smoothing operator. (An operator exp(— sB) is defined in L,2(M,E) by (3.30), 5 is 
bounded in L 2 (M, E), and a (Bi) = cr(B).) Thus 

Tr ( _!) (exp (sB x ) - exp(-sS)) = Tr (exp (-s.Bi) - exp(- Sj B)) . (6.110) 

Similarly to (2.25), (2.26), to Remark |3~4], and to Proposition |6.5|, (6.29), we conclude 
that 

exp (— d s Tr(_i) (exp (— sBi) — exp(— s£>))) = exp (Tr (B\ — B)) = 

= detpr (exp Bi exp(— £?)) . 

The lemma is proved. □ 

Definition. An (odd class) determinant A G ElL-n (M, E) with a given loga- 
rithmic symbol cr(logv4) G CS9 X \{M, E) is defined by 

det ( _i)(A) := di(A)/d ( _i )f0 (a(logA)), (6.111) 

where d(_i) >0 (er(log A)) G C7(_i)(M, i?) is defined by the expression on the right in 
(6.107) with any operator B G eII ( _i)(M, £?) = CL° { _ X) (M,E) such that tr(B) = 
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o~(logA). The expression on the right in (6.111) is independent of B with u{B) 
c(logA) by Lemma |6. 12 . 



Proposition 6.13. Let A G E11( ) _ 1 ^ (M, E) (M is odd- dimensional) be sufficiently 
close to positive definite self-adjoint PDOs. Then 

det ( _i)(A) = det(A), (6.112) 

where det(A) zs defined with the help of the multiplicative property, Theorem [4 .1[ 
Corollary P~T|. In (Q.112) we suppose that an appropriate oilogA), namely a (log^yAj , 
is used in the definition of det(_i)(A). (This symbol is defined by (4.12).) 

Proof. 1. Let L := log A G eM(_i)(M, E) = CL°_^(M, E) exist. The det ( _ 1} (A) 
corresponding to cr(L) G CS°(M, E) is given by 

det ( _i)(A) = exp (Tr ( _ 1} L) . (6.113) 



(This formula can be read as det(_i)(A) = exp (Tr(_i)(logA)J. The functional Tr(_i) 
is defined by Proposition pL~T| , (4.2).) 

To prove (6.113), note that for any A G CL^_^(M,E) we have Tr(_i)(A) = 

TR (ACjfi \ \ s=0 for any positive definite self-adjoint C G Ell 2 { \ (M, E), m G Z+. 
In particular, 

det ( _i)(A) = exp (-d s (TR (exp(- S L)C" Sl ) \ n=0 ) | s=0 ) . (6.114) 

The family exp(— sL)C~ Sl is a holomorphic family of elliptic PDOs. So the function 
TR (exp(— sL)C~ Sl ) is regular at s\ — (since exp(— sL) is a PDO of the odd class 
and since M is odd-dimensional) and then at s = 0. We can rewrite (6.114) as 



det ( _i)(v4) = exp ( - (TR (-L exp (-sL)C 51 j \ si=0 j \ s=0 

= exp (-Tr(_i) (-Lexp(-sL))\ 8=0 ) = exp (Tr ( _i) L 



2. The determinant det(A) of A : = expL, L G tU(-.n(M, E), (defined by Corol- 
lary [4.1|) for L sufficiently small is 



det(A) = det w ((expL)C)/det w (C). 
For all sufficiently small t we have 

det(exp(£L)) = exp (td s logdet(exp(sL)C)| s=0 ) , 
^logdet(exp( S L)C)| s=0 ( =TR(LC- z ) \ z=0 = Tr(_i) L. ( °" L1 '' >j 
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(a) 

The equality = in (6.115) follows from the variation formulas (2.28), (2.29), (7.24) 
for tflogdet (C s ), C s := exp(sL)C, 

<9,logdet (C s ) = [(l + zd z ) Tr {LCj*)) \ z _ = Tt (LC~ Z -res a(L) / zordC s ) | = 

= Tr(LC s )|, =0 . (6.116) 

(By Remark [4 . 5| res a ( L ) = since L is an odd class PDO and M is odd-dimensional). 
The expression Tr (LC~ Z ) is equal to TR(LC~ Z ) for ordC ■ Rez > dimM. So 
Tr (LC7 2 ) | 2= o = Tr(_i) L. Then we conclude that 

det(_i)(A) = exp (Tr ( _ 1} (tL)) = det(A) 

for A = exptL, where t is sufficiently small. The functions det^)(A) and det(A) are 
analytic in A (in their domains of definition). If log^ A is defined, then det(A) is 
also defined. The domain of definition of det^(A) is connected. The proposition is 
proved. □ 

Proof of Proposition |6.12| . 1. First we prove that det(A) = det(A) for PDOs A 
from Ell('„ 1 - )j0 (M, E) sufficiently close to Id. (Here, det(A) := f(A) is a branch of a 
holomorphic determinant, Proposition [4 . 1 0| , /(Id) = 1.) 

Let A := exp(tL), L e CL^ 1} (M, E) , C £ Ellp 1)0 (M, £), m e Z+, be a positive 
definite self-adjoint PDO, J := log^) C . Then by Proposition |678| , (6.85), we have 



s=0 



d t \og (d^expQL))/ exp ^n (7 (j)cr(L)^ = TR(Lexp(— sJ) — resa(L)/s 

= TR(Lexp(- S J))| s=0 = Tr ( _ 1} L. (6.117) 

Here we use that rescr(L) = for L e CL®_^(M, E) by Remark and by the 
definition (4.2), Proposition |4.1| , of Tt(_i) L (M is odd-dimensional). In view of 
(6.113) we have det(_i)(exp(£L)) = exp rTr(_i)(iL) 



^logdet ( _ 1) (exp(tL))| t=0 = Tr { _ 1} L. (6.118) 
We conclude from (6.117), (6.118) and from Proposition |6.13| that 

a t logdet(exp(tL))| t=o = <9 t log (d x (exp(tL))/exp (m CT(J) a(L))) | = 

= Tr ( _ 1} L = 9 i logdet ( _ 1) (exp(tL))| i=0 = d t logdet(exp(tL))| t=0 . (6.119) 

Thus we have two equal characters of the Lie algebra ett(_i)(M, E 1 ) = CL? ^(M, .E) 9 
L. Hence the corresponding characters of exp feK(_i) (M , i£) J are also equal. The 
exponential map is a map onto a neighborhood of Id in ElL-n (M, E) (and even in 
E11°(M,£)). Indeed, for any A e EH° (M,E) close to Id we can take log^) A, and 
it belongs to ett(_i)(M, E) for A G EllJ_ 1)>0 (M, E) by Proposition p], (4.12). So the 
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branches of the analytic functions det(A) and f(A) coincide in a neighborhood of 
IdGEll°_ 1)j0 (M,£). 

We know that according to Corollary [4.2| and to Proposition [4.1 2[ det (A) = 
det(7f)(A) in a neighborhood of Id in E11/_ 1 ^ (M, E) and that det(A) is a (local) 

character of Ell? (M, E). We have only to prove that det (A) defines a (local) 
character of Ell°„ 1 - )j0 (M, E). It is enough to prove that for L 1; L 2 G C Lf}_ x AM ^ E) 
and for sufficiently small fi, t 2 £ C we have 



exp (^II^fT (Li)J exp (t 2 n ff (j)cr (L 2 

= exp (n CT(J) log w (exp {ha exp (t 2< r (L 2 )))) . (6.120) 

(For sufficiently small t\, t 2 this logarithm exists by the Campbell-Hausdorff for- 
mula.) The equality (6.120) follows from the equality K a (j) (ai,a 2 ) = for A t ,a 2 G 
CS° { _ 1} (M, E), Lemma fHQ Corollary | 



2. Let 2m = ordA, m G Z + . We prove the equality det (A) = det (A) in a 
neighborhood of A := A^ + Id. From Theorem [O , Corollary [O] we know that 
det(^) (Ai) det(jf) (A 2 ) = det(^) for odd class elliptic PDOs close to positive 

definite self-adjoint PDOs. Thus by Proposition [4.12| , det (A) = det(-B) det (A ) for 



B := AAq 1 G EllJ_ 1) (M, E) in a neighborhood of A . 

Let us prove that det (A) = det (5) det (A ). Note that d x (A) = d 1 (B)d i (A ) in 
G(_i)(M,S) and that the local section d (A) of G^ 1} (M,E) over SE11 ( X _ 1) (M, E) is 
defined solution of the equation 

gg- 1 G n CT(J) 0, d (A)) := di (A>) /det w (A™ + Id) . 
So the assertion of Proposition |6.12| , (6.105), for ordA = 2m follows from the same 



assertion for m = 0. □ 

6.4. Coherent systems of determinant cocycles on the group of elliptic 
symbols. Let a, b be the symbols of elliptic PDOs A, B of positive orders such that 
A and B are sufficiently close to positive definite self-adjoint PDOs (with respect to a 
smooth positive density on M and to a Hermitian structure on E). Then the cocycle 

f(a, b) := logF^S) (6.121) 

is defined on the group SEHq (M, E) of elliptic symbols by (2.19) (and it depends on 
a = a (A) and on b = cr(B) only). 

Then the (partially defined) cocycle f(a, b) can be replaced by a cohomological one 

fx, y (a, b) := f(xa, by) + f(x, y) - f(xa, y) - f(x, by), (6.122) 

where x and y are the symbols of positive definite self-adjoint elliptic PDOs of positive 
orders. Note that the terms on the right in (6.122) are defined also in the case when 
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the symbols a and b are rather close to Id. (They are defined also for orda > — ordx, 
ordfr > — ordy if the symbols a, xa, b, and by are sufficiently close to the symbols 
of positive definite self-adjoint PDOs. Under these conditions, the formula (2.19) for 
the terms on the right in (6.122), (6.121) is derived.) We have 

fx,y(a, b) - f(a, b) = dr x , y {a, b), 

dr x>y (a, b) := r x , y (ab) - r x , y (a) - r XtV (b), (6.123) 
r x , y := f(yx,a). 

Note that 



f / l\ ft v\ , f det {jr) (XABY)det {i) (XY) \ 
f x , y (a, b) - f(a, b) = log (fr) [ ^ ){XAY)d ^ XBY) ) 



r x , y (a) = log ( - 



det (jT) (XAY) 
« Vdet w (A)det w (XF) 



(6.124) 



under the conditions that the determinants on the right in (6.124) are defined and 
that f x>y (a,b) and f(a,b) are defined. (Here, L^) = is an admissible cut of the 
spectral plane with 9 sufficiently close to 7r, A and B are elliptic PDOs with the 
symbols a := &(A) and b := <j{B).) 

Remark 6.22. Let x, y, x', and y' be the symbols of positive definite self-adjoint 
elliptic PDOs X, Y, X', and Y' of positive orders. Then the cochain 



J x,y;x',y 



„,( a ) ;= r x , y (a) - rvy(a) (6.125) 



is smooth in a in a neighborhood of Id G SEHq (M, E). 
Indeed, we have by (6.124) 

Pl „ ; „ y ( a ) := log,,, { AeHi)(XY)iet[i)(x , m ) ■ <6- 12 6) 
We have also by (2.32) and by (2.19) for variations 5a such that <5orda = 

ahog ( 4AYX)) a(\og^(AY'X> 



Spx,y;x>,y'(a) = -\5a-a~ 



'ordA+ordX + ordy ordA+ordX'+ordy 



res- 



The term on the right depends on the symbols &{A), &{X), &{Y), a(X'), and <j(Y') 
only. It is equal to the integral over M of a density locally defined by the homogeneous 
components of these symbols. 
We have by (6.126) 

Px,y;x',y'( a ) + Px' ,y' ;x" ,y" (o) + Px" ,y" ;x,y( a ) = (6.127) 

for the symbols x, x', x", y, y', and y" of self-adjoint positive definite elliptic PDOs 
of positive orders. 
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By (6.125), (6.124) we have 

f x>y (a,b) - f X ',y'(a, b) = idp x ^. x <^) (a,b). 



(6.128) 



Hence we have a natural functorial system of (partially defined) cocycles f x ,y{ a ^ b) 
on the group SE11q(M, E). All of them are cohomologous to the cocycle f(a,b) 
defined by the multiplicative anomaly (2.19) of the zeta- regularized determinants. 
The cocycle f(a, b) is symmetric, f(a, b) = f(b, a) (as it is the logarithm of the 
multiplicative anomaly). However this cocycle induces a cohomological to it skew- 
symmetric cocycle 53 Ki(a,j3) (defined by (5.5)) on the Lie algebra S\ og (M,E) of the 
group SE11 X (M, E) as follows. 

Note that f X}y (a,b) is defined for ordxa and ordx close to zero if ord by > and 
ordy > (and if xa, by are sufficiently close to the symbols of positive definite 
self-adjoint PDOs). Indeed, 



' det( ff ) (XABY)det m (XY) \ 
detw(XAY)detw(XBY) ) 



/,>, b) := log w ( Trr^T^J, ) (6-129) 



(where a = cr(A) and so on). Hence f\^(a,b) is defined for ordy > and for a, b 
close to Id. 

If ordy > 0, b is close to Id, and a e (rp) _1 (0) = CS°{M,E) C S log (M,E), we 
have by (2.19) 

fyfi,v(exp(ta),b) t= = - a, v * '- . (6.130) 

\ ord b + ord y ord y J 

\ / res 

Let 6 := exp( 7/ 3), (3 e CS°{M, E), and let 7 be close to G M. Then by (6.130), 
<9 7 (<9Ji,y(exp(to),exp(7/3))|i =0 ) | =Q = - (a,var^ (log (ff) y))^ , (6.131) 

where var^ (log (ff) y) := <V (log ( - ) (exp(t/3)r)) | for F e E11 X (M, £) with a(F) = 

y, (3 G CL°(M, E), is an operator with cr(/3) equal to /3. 

Let R y (a,/3) be the bilinear form given by the left side of (6.131). Then the 
antisymmetrization AR y (a,f3) of the form R y (a,f3) is given by (6.131) as 

AR y (a, (3) = ((3, var a (log (ff) y))^ jl - (a, var^ (log w y)) ^ /2. (6.132) 

Here, a; and /3 are symbols from CS°(M, E). 



53 The cocycle K\ defines the central extension g^ (denned by (5.6), (5.7)) of the Lie algebra 



g := S\ og (M, E). By Theorem p.l| , the Lie algebra (jm is canonically isomorphic to the Lie algebra 
f)(M, E) of the determinant Lie group G(M, E). 
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Let us compute the right part of (6.132) for ordy = e up to o{e) (for e — > 0). By 
Campbell-Hausdorff formula we see that for a(a) = a, cr(f3) = (3 



var a (log w y) = d t a (log w (exp(at)F)^ 

= d t (a (log (ff) Y) + at + t [a, log w Y]) [ =q + O ((ordF) s 

t, a (log (#) Y)]/2 + ((ordy) 2 ) , (6.133) 



01 + 



var^ (log (fr) y) = /? + a (log w F)] /2 + O ((ordF) 2 



Here, 0((ordF) 2 ) is considered with respect to a Frechet structure on CS°(M,E) 
defined by natural semi-norms (8.20) (with respect to a finite cover {Ui} of M). 
Hence we have 

AR y {a,(3) = (/3, [«,logy]) res /2 - (a, [/3,logy]) res /2, (6.134) 
where logy := a (log^) YJ. For logy = I G (rp) _1 (l) C S\ og (M, E) we conclude that 

AR expl (a,P)=K l (a,P) (6.135) 

for a, f3 G CS°(M, E). The cocycle ii"/ has a trivial continuation (5.5) from CS°(M, E) 
to 5i og (M, £J) under the splitting (5.2). Hence the partially defined symmetric cocycle 
f(a, b) on SEHq (M, S) produces a skew-symmetric cocycle Ki(a, (3) on its Lie algebra 
q(M,E). (Namely on the Lie algebra Qm canonically isomorphic to g(M,E) by 
Theorem 16.11.) 



Remark 6.23. Note that R y (a,f3) has a singularity of order 1/ ordy if ordy ~ 0. 

6.5. Multiplicative anomaly cocycle for Lie algebras. We want to produce 
the multiplicative anomaly formula without using the determinants of elliptic PDOs. 
This approach is more general than in Section 0. We begin with the variation formula 
(2.19) (or (6.136) below). This makes sense for central (and cocentral) extensions of 
Lie algebras q with conjugate-invariant scalar products, Remark pT4| , (5.21)-(5.24). 
In computations below it is enough to replace (, ) res by an invariant scalar product on 

0o and a Uog^ YX^j (and so on) is defined as logarithms of elements of a formal group 
corresponding to the Lie algebra g, (5.22). Then Proposition ST4] and Corollary ^ 



below provide us with a definition (by integrating of differential forms) of a (partial 
defined) multiplicative anomaly cocycle in a general situation of Remark |5.4| . 

The proof of Theorem |6.1| provides us with a partially defined cocycle. It is given by 
the exponential (6.47) of the quadratic cone in g, Proposition |5T2"| . This cone is defined 
in the situation of Remark |5.4j also. Here we obtain the results on the multiplicative 
anomaly for Lie algebras without using this quadratic cone. Propositions |6.14 , 6.15| 



and Corollary ^TB] below, as well as their proofs, are valid for central extensions of 
Lie algebras (Remark |5.4|) after trivial changing of notations. 
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For elliptic PDOs X and Y of positive orders sufficiently close to positive defi- 
nite self-adjoint elliptic PDOs, let variations SX, 5Y be such that S(ordY) = = 
6(ordX). Then by (2.19) we have 



S XtY log (det w (XF)/det w (X)det w (F)) = 

x a(\og (jr) (YX)) a (log w Y) 



= - \ 5y-y~ 



ord x + ord y ord y 

fa .,vK.>(^>)_«(yn , (6 . 136) 

ord x + ord y ord x I 

' res 

where x = cr(X), y = c(Y). The terms on the right depend on x and on y only. 
Hence we have a differential 1-form ujl y on the domain in SEIIq 1 (M,E)x SEIIq 2 (M, E) , 
where Ci := ordX, c 2 := ordF, Cj G IR X , c x + c 2 G IR X . 

Proposition 6.14. The form uj\ y is closed in the directions of the components of 
the direct product SEll^M, E) x SEIIq 2 (M, E) . 



Corollary 6.6. The function log F(A, B) in the formula of the multiplicative anomaly 
(2.19) is defined by the integration of the 1-form io\ y on x and then on y (since 

log^) F (Sfr)' ^w) = ^ f or P owers °f a positive definite self-adjoint S G E11q(M, E) ). 



Proposition 6.15. The form lo\ is a (partially defined) 2-cocycle on SEIIq (M,E), 
i.e., on the group of elliptic symbols of real orders. This assertion means that 

(dcochain^ 1 ) (x, y, z) :=u\y, z) -u x {xy, z)+u 1 (x, yz)-u 1 (x, y) = 0, (6.137) 
if the terms on the right are defined. 

Proof. By (6.136) and by (6.137) the terms with dx ■ x~ x in d^hain^ 1 (x , y, z) are 

( dx . x -i jogpEyg) log(^y) log(xyz) 

^ ' ord x + ord y + ord z ord x + ord y ord x + ord y + ord z 

log a; log(xy) logx\ 

+ + , \ 3-)=0- 6.138 

ord x ord x + ord y ord x ' 

(Here, \og{xyz) := a (\og m (XYZ)) and so on.) □ 
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a i ( \ i/o l °s( x y) 

d x u r , = - a, a /2, — 

* x >y V r>rr\ t J- nrr 



• X 


-1 


X \ 






+ 


X J 




+( 


a. 



d x log(xy) d x logx" 



ord x + ord y ordx 
where \og(xy) := cr (log^XF)) . We have by Lemma 



, (6.139) 



d x log(xy) = (ad(\og(xy)) (exp(ad(log(xy))) - 1) X ) o (d x (xy) ■ (xy) x ) .(6.140) 

The term on the right is defined as (F(ad(log(xy)))) _1 for F (ad (£a)) given by (6.75), 
where A = exp(£^) belongs to EIIq (M, E). Note that d x (xy) ■ (xy)' 1 = a. The series 
z/(exp z — 1) on the right in (6.140) is of the form 

z/(exp z - 1) = 1 - z/2 + c 2kZ 2k } 

fc>i (6.141) 
C2k = -C(l - 2k) /(2k - 1)!, c 2k+1 = ((-2k)/(2k)\ = 0, 

where ((s) is the zeta-function of Riemann. 
Since a is a one-form, we have for k G Z + U 

(a, ad 2h (\og(xy)) o a) = (-l) k Ud h (\og(xy)) o a, &d k (\og(xy)) o a) =0. 

In the second term on the right in (6.139) the term — z/2 in (6.141) (for z = 
&d(\og(xy)) and for z = ad(log(x))) correspond to 

_ f, 2 [log(^),a] _ [\ogx,a} \ = / \og(xy) _ \ogx \ 

\ ' ord x + ord y ord x J res \ ' ord x + ord y ord x J res 

Hence d x u x y = 0. The equality d y uj x y = is proved similarly. □ 

Remark 6.24. In (6.136) and in the proofs of Propositions |6.14| , |6.15| we do not use 
that a (log( S .) Xyj , a (log^) X^j , . . . are logarithmic symbols with respect to the 
same cut or that they are defined by cuts close to L^y We use here only that these 
expressions are some logarithmic symbols for a(XY), a(X),... . This assertion 
makes sense in the case of a formal Lie group corresponding to a Lie algebra g in the 
situation of Remark |5~4. 
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6.6. Canonical trace and determinant Lie algebra. It is proved in Theorem 34- 
that the derivatives at zero of the zeta-functions for elliptic PDOs of order one are 
the restriction of the quadratic form —T2(cl + Bq) (defined by (3.64)) on the linear 
space {cl + B} := logEllp (M, E) to the hyperplane c = 1. (Here, I is a logarithm of 
an elliptic PDO A of order one.) 

In this section we deduce the structure of the determinant Lie algebra g(M, E) 
(corresponding to the Lie group G(M,E) defined by (6.10)) from Theorem |3.1| and 
Proposition |3.6| . Their statements are consequences of the existence of the introduced 
in Section || canonical trace TR defined on PDOs of noninteger orders. 

The text of this subsection can be considered as an alternative proof of Theo- 
rem 



6.1 



First of all, as a Lie algebra, q(M, E) is equal to the quotient of tll(M, E) modulo 
the ideal fo = {K\K is smoothing and Trif = 0}. We claim that fo belongs to the 
kernel of the bilinear form associate with T 2 , (3.64), i.e., 

T 2 (x + f) = T 2 (x) for / e f ,x e dl(M,E). 

In fact, recall that T 2 gives values of the zeta- regularized determinants and in the 



proof of Proposition |6.5| we established the formula relating variations of determinants 
and traces for deformations of PDOs by smoothing operators. Hence T 2 induces 
an invariant bilinear form on g(M,E). It is easy to see that the image under the 
exponential map of the cone of null-vectors {l\T 2 (l) = 0} in G(M,E) is exactly the 
section d (a(logA)) (defined by (6.30)). 

Algebraically, we have a situation studied in Section [|: 

1) a Lie algebra g' := g(M, E) endowed with an invariant scalar product (, ) (ob- 
tained by the polarization from T 2 ), 

2) a nonzero isotropic central element 

leg', (1,1) = 0, 

3) a nonzero homomorphism (order) 

given by the formula m(x) = (x, 1). 

The quotient algebra g'/C- 1 is equal to Sy og (M, E). The scalar product (, ) induces 
a scalar product on the codimension one ideal CS°(M, E) invariant under the adjoint 



action. By Proposition [O] this scalar product coincides (up to a nonzero constant 
factor) with the pairing induced by the noncommutative residue. 

Using Remark |5.5| we see that g' is canonically isomorphic to g constructed in 
Section |5|. Thus we proved the coincidence of g(M, E) and the canonical extension 
without variational formulas. 
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7. Generalized spectral asymmetry and a global structure of 

determinant lle groups 

The global structure of the determinant Lie group G(M,E) (i.e., of the central 
C x -extension F \ Ell£ (M, E) of the group of elliptic symbols SEll£ (M, E)) is defined 
with the help of a certain kind of global spectral invariants generalizing spectral 
asymmetry as follows. 

The fundamental group 7i"i (SEi1q(M, E) J is spanned by loops exp(27ritp), where p is 



the symbol of a PDO-projector of order zero and < t < 1. Indeed, the fundamental 
group of SE11q(M, E) is the same as the fundamental group of the principal symbols 
7Ti(Aut 7r*E), where n: S*M — > M is the natural projection of the co-spherical bun- 
dle. For the vector bundle ljy on M it is proved in the proof of Lemma [4.2| that 
7Ti (Aut 7r*ljv) is spanned by the loops exp(27rita), < t < 1, where a G End (7t*1n) 
is a projection a 2 = a. For any such a there exists a zero order PDO-projector 
A G CL° (M, ljv) with the principal symbol a ( jWo3| ). The same assertions are also 



true for E instead of In. A closed one-parameter subgroup exp(tg), < t < 1, of 
CS°{M,E) is of the form 

q = 2iriJ2 m jPj, (7-1) 

where mj G Z and {pj} is a finite set of pairwise commuting zero order PDO- 
projectors from CS°(M, E) 

P 2 j=Pj, PjPk=PkPj- (7.2) 

For A G CL°(M,E) the section 54 di(exp(tA)) gives us a trivialization of the C x - 
bundle 

p : G(M, E) -> SE11 X (M, E) (7.3) 

over a curve cr(exp(M)) C SEU° (M,E). 

Let X be an elliptic PDO of a real positive order d := ordX. Let X be sufficiently 
close to a positive self-adjoint PDO. Then its complex powers are defined. A 
generalized zeta-function 

Cx,(*)(A;s):=Tr(AX^) (7.4) 

for Res > dim M/d has a meromorphic continuation to the whole complex plane. 
Its singularities are simple poles at the points of an arithmetic progression and its 
residue at zero is equal to 

Res s=0 Cx,«(^; s) = res(cr(A))/d, (7.5) 



54 The operator exp(tA) is defined by the integral J r expiA • (A — A) 1 dX, where r# is defined 
as in the integral (2.30). 
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Remark 3.17 . Here res is the noncommutative residue | Wo2 ] , | Kas |. For a PDO- 
projector A = P 6 CL°(M, E) of order zero its noncommutative residue is equal to 
zero [|Wol|| . (Hence Cx,(n)(P] s) is nonsingular at zero.) 

Such an operator X e E11q(M, E) defines another trivialization of the bundle (7.3) 
over the curve a(exp(tA)) in SE\l° (M,E). Namely 

exp (m x <r(A)) e p-\a(exp(tA))), (7.6) 

where Tlxo~(A) is the inclusion of cr(A) into 0(z x ), lx '■= a ^) with respect 

to the splitting (6.44). The element Uxcr(A) depends on the symbols o~(X) and <j(A) 
only. The Lie algebra Q(i x ) is canonically identified with the Lie algebra q(M, E) 
of G(M,E) by Theorem |6J]. Under this identification, the quadratic C x -cone 55 
logS* C g(M,E) corresponds to the zero-cone C\ x for the quadratic form A\ x given 
by (5.18). Quadratic forms A\ and cones C\ are invariant under identifications Wi x i 2 
by Proposition and Corollary |5Tl"| . (Note that exp (tUxA) belongs to a Lie group 
exp($j), where g is the Lie algebra defined by identifications W^i 2 of The 
Lie group exp (q) is canonically local isomorphic to G(M,E). For t 6 C with \t\ 
small enough, we denote by exp (tUxA) an element of G(M, E) corresponding to the 
element of exp (q) defined by this expression. 

Hence we have two trivializations di(exp(tA)) and exp (tUxcr(A)) of the C x -bundle 
(7.3) restricted to a(exp(tA)) for t e C with \t\ small enough. 

Proposition 7.1. The equality holds for such A, X, and t 

d 1 (exp(tA))/exp(t(U x a(A))) = exp(tf(A,X)), (7.7) 

f(A,X) := (&,(*) (A; s) -ies(a(A))/sd) \ g=Q . (7.8) 
i/ere, d := ordX e R+. 

Note that f(A,X) is a spectral invariant of a pair (A, X) of PDOs, where A e 
CL°(M,E) and where X G E11 (M, J5) is sufficiently close to a self-adjoint positive 
definite PDO. 

Remark 7.1. For a PDO-projector P of zero order, P e CL°(M, E), we have 

/(P,X) = Cx, W (P;0). (7.9) 



Lemma 7.1. For a PDO-projector P of zero order, the spectral invariant of the pair 
{P,X) with its values in C/Z 

f {P,X):=f{P,X){ modZ) (7.10) 

depends on the symbols c(P) and <r(X) only. 

55 The partially defined section S -> d (S) := S of the C x -fibration (7.3) is defined by (6.11). 
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Remark 7.2. For a general PDO-projector P of zero order, f (P,X) cannot be uni- 
versal expressed as an integral over M of a density locally defined by homogeneous 
components of symbols cr(P) and cr(X) in local coordinate charts on M. 
Definition. A generalized spectral asymmetry of a pair (P, X) of PDOs is defined as 

f (a(P),a(X)) = Tr (PX^) \ g J mod Z). (7.11) 

Here, P G CL°(M,E) is a PDO-projector of order zero and X G EQ$(M,E) (with 
d G IR X ) is sufficiently close to a self-adjoint positive definite PDO. 

Remark 7.3. Let X G E\\^(M,E) with d G R+ be self- adjoint. 56 Let P := (X + 
|X|)/2|X| be the PDO-projector to the subspace spanned by eigenvectors of P with 



positive eigenvalues. (Here, \X\ := (X 2 )Vy) The spectral asymmetry of X (| |APS1 



|[APS3|| ) is defined as the value at s = of the analytic continuation from Res > 
dim M/d of 

Vx(s) := ^ sign A • |Ap , 

where the sum is over the eigenvalues of X including their multiplicities. The spectral 
asymmetry of X is connected with /(P, X) as follows 



Vx (s) = Tr (P(X%f) - Tr ((1 - P)(X 2 ^ /2 



M J ^ V v JK >{*) 
2Tr(P(X 2 ) ( - 7r f)-Tr((X 2 ) ( - 7r f N 

2n 



(7.12) 



Vx (0)=2f(P,X 2 )-( x2M (0), 

fo (a(P),a(X 2 )) = (C^,w(0) + ^(0)) /2( mod Z). 

This example explains the name of the invariant fo (a(P), a(X 2 )). 

Remark 7.4. For A = 2niP, where P G CL°(M, E) is a PDO-projector of zero order, 
we have 

di(expA) = Id G G(M,E), exp (27rin x( r(P)) = exp (-2mf {P, X)) . (7.13) 

Hence the invariant f (P,X) (= f(a(P),a(X)) by Lemma |7.1|) defines the element 

exp (27rin x a(P)) G C x ■ 1 = p-\ld) (where 1 -»■ C x -> C7(M, P) -> SE1L X (M, P) 

p 

1 is the central extension). Hence fo(P,X) defines the structure of the subgroup 
j9 _1 (exp(27rztcr(P))) C G(M, E) over a one-parametric closed subgroup exp(2nita(P)) 
in the base SEIIq (M, P) of this central extension. Invariants fo(P,X) define the 
group structure of this central extension over any one-parametric closed subgroup in 
SEUq (M, E). Suppose that we can compute invariants f (P,X). Then we know the 
Lie algebra q(M, P) of the group G(M, P) (canonically isomorphic to the Lie algebra 
§(z) by Theorem |Q| ), the group structure of SEIIq (M, E), and the group structure 



56 For the sake of simplicity we suppose here that X has no zero eigenvalues. 
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of G(M, E) over closed one-parametric subgroups in SEllJ (M, E). These data define 
the global structure of the determinant Lie group G(M, E). Hence the problem of the 
algebraic definition of G(M, E) reduces to the problem of computing the invariants 
/ (P,X)gC/Z. 

Remark 7.5. The element U x a(P) G Qa x ) is the element er(P) + 0-1 with respect 
to the splitting (5.7). Under the identification W\ x i Y of Proposition |5TT| (where l x '■= 
a (log( 5 .) XJ I ord X and ly is analogous) , this element transforms to 

n y a(P) + (l x - ly, a(P)) res • 1 G Q {lY) (7.14) 

with respect to the splitting (5.7) for Qq y ). Hence we have 

exp (2nm x a(P)) /exp (27rzn y a(P)) = exp (2m (l x - ^,<r(P)) res ) . (7.15) 

The term on the right (l x — W, a {P)) res is the integral over M of the density locally 
defined by symbols cx(logX), a(logF), and cx(P). We have 

rflog (exp (2ma x {P))) = 2m [dl x , a(P)) res , 

where dl x := d(a(\ogX)/ ordX) is an exact one-form on the complement to the 
hyperplane CS°(M, E) in the Lie algebra S\ og (M, E) of logarithms of elliptic symbols 
(and CS°(M,E) is its Lie subalgebra corresponding to the symbols of order zero, 
Section |5|). Hence according to (7.13) it is enough to compute fo(P, X) for an elliptic 
operator X G E11q(M, E) with d G 1R X such that log ( -) X exists. 

Remark 7.6. A variation 5P =: L of a zero order PDO-projector P G CL°(M,E) 
(i.e., Pi = P + eL + 0(e 2 ), e — > 0, is a family of zero order PDO-projectors) is 
connected with P by the equations 

LP = (1-P)L, L(l- P) = PL. (7.16) 

Hence L maps ImP into Im(l — P) and Im(l — P) into ImP. Any L of the form 

L:=[P,Y] (7.17) 

with Y G CL°(M,E) gives us a solution of (7.16). (Note also that res[P,F] = 0.) 
For a family of PDO-projectors of zero order we have 

6P=[[6P,P],P]. (7.18) 

Hence the equality (7.17) holds with Y = [6P,P] G CL°(M,E). For L of the type 
(7.17) we have 

5 P log (exp(2«n x( x(P))) = 2m5 P fo(P,X), 
f (P,X) = f (APA-\AXA- 1 ) g C/Z 
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for any A G Ell a (M, E). Hence for A £ = exp(eY) G E11°(M, E), e -> 0, we have 
5 P log (exp {2mH x a{P))) = 5 X log (exp (27rzn x a(P))) = 

= 2m (5a(\ogX)/oidX,a(P)) res \ sx=[y>x] . (7.19) 
(Here, dordX = 0.) By Lemma |6.6| we have 
Sa(\ogX)\ = (ad((7(logX)) (exp(ad(a(logX))) - l)" 1 ) o ■ X" 1 ) . 

Hence the variation of fo(P, X) in a smooth family of zero order PDO-projectors can 
be transformed to the variation of an elliptic operator X given by (7.19), (7.20). 

Remark 7.7. The generalized spectral asymmetry fo(P,X) G C/Z is independent of 
a zero order PDO-projector P t in a smooth family of such projectors, if variations 
5 t Pt in this family are PDOs from CP~ dimA/_1 (M, E). This assertion follows from 
(7.18), (7.19), and (7.20) since 



OT&(5a(\ogX)\ 5x =[Y,x},Y=[8P,p}) < ordy < ord(<5P) 

and since the noncommutative residue res(a) for a symbol a G CS~ dimM ~ 1 (M, E) is 
zero. 

The analogous assertion is valid for smooth families of bounded projectors in a 
separable Hilbert space. Namely, let P t be such a family and let 5 t P be from trace 
classes. Then the formula (7.18) for 5 t P holds. So 

Tr (5 t P t ) = Tr ([[5 t P, P t ] , P t \) = (7.21) 

because [S t P, P] is a trace class operator and P t is bounded. Hence P tl — Pt 2 is a 
trace class operator and 

Tr(P tl -P t2 ) = 0. (7.22) 
for any projectors from this family. 

Problem. To compute the generalized spectral asymmetry invariants f (P,X) G 
C/Z in algebraic terms (i.e., without using the analytic continuation and the Fred- 
holm determinants). 

Proof of Proposition |7.1| . We have 
di(exp(L4)) / exp (tU X (j(A)) = d x (exp(iA) • X)d 1 (X)~ 1 exp (-tU X (j(A)) = 

= rfo(exp(t4-A0rfo(^) _1 exp(-in x a(4)det w (exp(t4)-X)(det w (X)) _1 . (7.23) 



Here, do(S) =: S is defined by (6.11) with 9 = n for S sufficiently close to a positive 
definite self-adjoint PDO of a nonzero real order. The parameter t G C in (7.23) is 
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such that \t\ is small enough. In this case, the PDO exp(tA) ■ X is sufficiently close 
to a positive definite self-adjoint PDO. For the scalar factor on the right in (7.23), 
we have the equality analogous to (2.27) 



d t \og (det w (exp(L4) • X)/det w (X) 



-d s (-sTr(A.Xr- ieSa{A) 



s ord X I I s=0 



--:f(A,X t ) (7.24) 



(where X t := exp(tA) ■ X) because d t X t ■ Xf 1 = A. On the right in (7.24) we 
take the restriction at s = of an analytic continuation (for the trace) from Re s > 
dimM/ ordX. The expression on the right in (7.24) is regular at s = according to 
(7.5). (Note also that d s (s(resa(A)/s ordX)) = and it is used in (7.24).) 
The nonscalar factor on the right in (7.23) 

K t := d (X) d (X)" 1 exp (-tU x a(A)) (7.25) 

belongs to the connected component C x of the central subgroup in the group exp (g). 
Hence logK t G C is defined. We have to compute dt\ogK t for t 6 C with \t\ 
small enough. To do this, note first that under the canonical identification of the 
Lie algebras g and g(M, E) (given by Theorem |6.1| ) the invariant quadratic C x -cone 
logS* C g(M, E) corresponds to a C x -cone logX in g, where 

X = exp(n x a(log w x)) (7.26) 

for a PDO X of a nonzero real order sufficiently close to a self-adjoint positive definite 
PDO. Hence 

K t = % (Xf 1 exp {-m x a{A)) , (7.27) 
where X t := exp (llx 1 ? (l°g(s-) ^)) anc ^ 1*1 ^ s sman enough. We have 

d t log K t = d t K t ■ K~ l = -K t ■ (U x a(A)) ■ K~ l + d t X t ■ X~ x = 

= -Il x a(A) + d t XfX~ l . (7.28) 

According to (6.70) we have 

d t X t ■ X- 1 = U Xt (d t X t ■ X- 1 ) = U Xt a(A). 



By Lemma |6.2| and by (7.28), we have 

U Xt a{A) = Ti x a{A) + (a(A), l Xt - l x ) rcs -leg, 

d t \ogKt = d t X t ■ X" 1 - U x a(A) = (a(A), l Xt - l x ) rcs ■ 1, 



(7.29) 
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where l x '■= o (log^) X) / ordX (and the same is true for l Xt ). Hence 

\og(d 1 (exp(tA))/ ex V (tU x a(A))) = f (A,X t ) + (a(A),l Xt - l x ) ics . (7.30) 



By Proposition |272| we have 

/ (A,X t ) - f(A,X) = - (a(A), a (logX t ) /ordX - a(logX)/ordX) rcs . (7.31) 
Proposition [fj] follows from (7.30), (7.31), and from (7.29). □ 

Proof of Lemma 7.1] . Let X± be a PDO of a real nonzero order sufficiently close 
to a positive definite self-adjoint PDO. Then by Proposition |2.2| we have 

/ g (log w XA a (log,-) X) \ 
! (A, Xl ) - f { A,X) = - (* { A), _ ^_<^ij . , 7 . 32 ) 

In particular, for a(X) = cr(Xi) we have /(A, X) = / (A, X{). It is true even more 
strong statement. Namely, if X l -X G CL^^^^'^M, then the term on the 
right in (7.32) is equal to zero because a (A) G CL°(M, E) and because under this 
condition, 

a (log w X,) - a (log w X) G CS- dimM -\M, E). 

Hence the dependence f(A, X) on X can be expressed with the help of its dependence 
on the image a(X) in CS OTdX (M, E)/CS OTdX - dimM ~ 1 (M, E). 

Let Pi and P be PDO-projectors belonging to CL°(M, E) such that 

P 1 -PeCL- dimM -\M,E). 

Then (Pi — P)X~ S for Res > — 1/ ordX is a trace class operator. We have 

/ (P h X) - f(P, X) = Tr (P 1 - P) . (7.33) 



The assertion Tr (Pi — P) G Z immediately follows from Proposition [7.2| below. □ 
7.1. PDO-projectors and a relative index. 

Proposition 7.2. 1. Let Pi and Pi be PDO-projectors from CL°(M,E) such that 
Pi-P 2 e CL- dimM -\M, E). Consider the operator P 2 := P 2 |i mPi; 

P 2 : ImPi -> ImP 2 . (7.34) 

Then Ker P 2 and Coker P 2 are finite- dimentional. For the index of P 2 the equality 
holds 

indP 2 = Tr(Pi - P 2 ) . (7.35) 
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2. The same equality holds for a pair P 1; P 2 of (bounded) projectors acting in a 
separable Hilbert space H and such that P\ — P 2 is of trace class. Namely 

ind P 2 = Tr (P 1 - P 2 ) = - ind P x . (7.36) 



Corollary 7.1. Under the conditions of Proposition 7.2, we have 



Tr (P - P 2 ) G Z. (7.37) 
Proof of Proposition IO. Set Px - P 2 =: 5. 



1. The operator P 2 := P 2 |i m p 1 has a finite-dimensional kernel because 

P 2 = Pi- S, (7.38) 

Px = Id on ImPx C L 2 (M,E), and S: L 2 (M,E) -> # ( _dimM-i)(M, P) L 2 (M,E) 
is a compact operator. (Here, P( s ) is the Sobolev space.) Hence the space of solutions 
for the equation Se = e, e G L 2 (M, E), is finite-dimensional. 

2. The operator P 2 has a finite-dimensional cokernel because from (7.38) we have 

P 2 m = P 2 P x m - P 2 Sm. (7.39) 

The operator K = P 2 S\i m p 2 : ImP 2 — > ImP 2 is a compact operator on the Hilbert 
space L = ImP 2 . (L is a closed subspace of L 2 (M,E) because P| = P 2 and be- 
cause P 2 G CL°(M,E) is a bounded linear operator on L 2 (M,E).) For m G L we 
have m = mx + ii"m, where ni! := P\m. Let the operator P 2 |i m p 1 have an infinite- 
dimensional cokernel. (The operator P 2 |i m p 1 : ImPx — >• ImP 2 is closed since it is the 
restriction of the closed operator P 2 : L 2 (M,E) — > L 2 (M,E) to a Hilbert subspace 
ImPx C L 2 (M, E).) Then the space of m 6 i such that H-ft'^H > ||m||/2 (with re- 
spect to the scalar product ||x|| 2 := (x, x) in L 2 (M, P)) is infinite-dimensional. Hence 
codimP 2 < 00. 

3. Note that Tr (Pi — P 2 ) depends (if Pi — P 2 is a trace class operator) on the 
images ImPj C L 2 (M,E) only. The equivalent assertion is the following. 

Let P and Pi be bounded projectors with ImPi = ImP. Then 

Tr (P - Pi) = 0. (7.40) 

Let Pi := ImPi, P 2 := KerPi, and let L 2 (M,E) := H = Hi © P 2 be the direct 
sum decomposition. Then the projector P is conjugate to Pi, i.e., P = gP x g^ x with 

9 ~{ ld H J 9 ~ { Id J ' 
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where L is of trace class and (Id# 2 +L) : H 2 > Ker P. For a family of bounded 

projectors P(t), 

P(t) := g t Pigt\ g t 

we have 

d t P{t) = 



aa Hl tL N 

. Id^ 2y 



'0 L^ 
.0 , 



Here, L is a trace class operator. So d t P(t) is of trace class. By Remark |7.7| , (7.22), we 
conclude that Tr (P (ii) — P (i 2 )) = 0. The equality (7.40) is proved since P =: -P(l), 
Pi =: P(0). 

4. The decomposition of L 2 (M, E) in the direct sum of Hi (P 2 ) := ImP 2 and 
P2 (P2) := KerP 2 can be produced ( ||SW|| , § 3) by the action of an invertible operator 
g in H written in a block form with respect to the decomposition H = Hi © H 2 with 

PS) < 7 - 4i > 

where operators b and c are of trace class and P 2 := gPig^ 1 . Here, the operators a 
and a! are automatically Fredholm and the index of a: Hi — > Pi is well-defined. We 
have 

Ind Pi = ind a, (7.42) 
where i\: ImP 2 — ► ImPi is Pi|i m p 2 - We have the analogous equality for indP 2 , 

ind P 2 = ind a, (7.43) 

where 

,•: r :). w*^ =<*.*>. ,,44) 



jsr » \h 2 (p 



2) 



(Here, the operator g 1 : H — > P is written in the block form with respect to the 
decomposition H = H 1 (P 2 ) © P 2 (P 2 ).) 

Lemma 7.2. Lei g: H —> H be an invertible operator in a separable Hilbert space H 
under the same conditions as in (7A1). Then the equality holds 

inda + inda = 0. (7.45) 

(Here, a and a are defined by (7. 41) and by (7A4).) 

This lemma is proved in the end of this section. 
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Remark 7.8. By (7.43), (7.42), (7.45) we have 

indP 2 = -ind A- (7.46) 

By (7.31) the index indP 2 depends on P 2 and on ImPi only. The analogous statement 
is true for ind Pi. So by (7.46) indP 2 depends on ImPi, ImP 2 only. Hence the both 
sides of (7.32) depend on ImPi and on ImP 2 only. (Here, we suppose that Pi — P 2 
is a trace class operator.) 

Let us continue our proof of Proposition |?T2] . 

5. We can suppose that indPi = = indP 2 . Indeed, let indP 2 = m G Z_ (i.e., 
inda = — m G Z + ). Then there is a (bounded) projector P" in L 2 (M, E) such that 
ImPfDlmPx 

Tr (Pf - Pi) = -to, (7.47) 
indP 2 |i m pn = — m + indP 2 . (7.48) 

(In particular, P™ — P 2 is a trace class operator.) It follows from (7.47) that 

Tr (P™ - P 2 ) = -to + Tr (Pi - P 2 ) , ind P x n = 0. 

To produce such a projector P™, it is enough to take a finite rank projector p in 
L 2 (M,P) such that 

rkp = —to, Imp C KerPi, ImPi C Kerp. 

Then P" := Pi + p is a (bounded) projector in L 2 (M,E) satisfying (7.47). The 
equality (7.48) holds for P" since ImP C ImP" is a closed subspace in ImP™ of 
co dimension m. 

6. Let ind Pi = = indP 2 . The numbers Tr (Pi — P 2 ) and indP, depend on ImPi 
and on ImP 2 only. The operators a and d in the transformation g (7.41) are of the 
form (since ind a = = ind d) 

a = (ld Hl +h) q a , d = (ld Ha +h) q a , 

where q a , q a are invertible operators in Hi, H2 and lj are trace class operators in Hj. 
Transformations 

q a : Hi -> H u q d : H 2 -+ H 2 , c eg" 1 , 6 feg^ 1 

do not change Pj and Pj (P2)- Hence we can suppose (in the case ind Pi = = ind P 2 ) 
that the operator g in (7.41) has a block form (with respect to H = Hi © P 2 ) where 
a — Idjf x , d — Id b, c are trace class operators. So the following lemma gives us a 



proof of Proposition 7.2 
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Lemma 7.3. Let P be a (bounded) projector in a separable Hilbert space H with 
infinite- dimensional KerP := H 2 and with ImP := Hi (H — Hi® H2). Let g = 

i^c ^dj ^ e a b° un ded linear operator in H written in a block form with respect to the 

decomposition Hi © H 2 and such that a — Id# i; d — Id# 2; b, and c are trace class 
operators. Then S := P — gPg~ x is a trace class operator in H and Tr S = 0. 

Proof. 1. Let G be the group of invertible operators g in H where a — ldn 1 , d — ldn 2 , 
b, and c are of trace class. Then the equality TrS 1 = follows from the assertion 
that G is connected. Indeed, in this case, for any g £ G there is a smooth curve g(t) 
in G from Id £ G to g = g(l). Then g(t) = dtg(t) is of trace class in H and for 
P t ■= g^Pg^)' 1 we see that 

P t = [g{t),Pt] 

is of trace class. Hence by Remark |7.7| , (7.21), we have 

Tr P + t = 0, Tr (p - gPg' 1 ) = 0, 



because gPg~ x =: P\. 

2. For any g £ G set g — Id =: A = A(g). Then A is of trace class. So A is 
compact and for any nonzero eigenvalue A of A the corresponding algebraic eigenspace 
L\ = L\(A) is finite-dimensional. 

Set L := ®L\ over ^-eigenvalues A with |A| > e. Then L is a finite-dimensional 
invariant subspace with respect to A. Let Q be A-invariant subspace complementary 
to L, H = L®Q- Then Q is a separable Hilbert space (with the induced Hilbert norm) 
and A = AlQ) Aq with respect to L © Q. The group GL(L) = Autc L is connected. 
Let giit) be a smooth curve in Aut c L from Id^ to Id^ +A L . The operator norm of 
Aq in Q is less than 1/2 (for e small enough). Then g(t) := ^(t) © (Id Q +£Aq) for 
< t < 1 is a smooth curve in C7 from Id// to g = Id^ +v4 (written with respect to 
H = L@Q). Indeed, Idg +tAq, \t\ < 1, is invertible in Q since the L 2 -operator norm 
of Aq, \\Aq\\2, is less than 1/2. For the trace norm of (Hq +tAq)~ — Mq =: Bgit) 
the estimate holds (for \t\ < 1) 



Ba(t)\L < \\tA. 



tr _i tr 



(tA Q ) 2 \i+...+\\(tA Q r\\ ti +...< 



< \\tA Q \\ tr (l + ||tA Q || 2 + . . . + {\\tA Q \\ 2 ) n 1 + ...)< 2\\A Q \\ tr . 
So g(t) £ G. Hence the group G is connected. The lemma is proved. □ 



Proof of Lemma |7.2| . By (7.42) and (7.43) we have 

ind a + ind a = ind P x + ind P 2 , (7.49) 
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where P\ = Pi|i m p 2 : ImP 2 — > ImPi and P 2 : = -Pblimiv Operators Pi, P2, and 
P1P2: ImPi — > ImPi are Fredholm. So 

ind P1P2 = ind P x + ind P 2 . (7.50) 

However, P X P 2 = PiP 2 Pi| ImPi and P1P2P1I1111P1 = IdimPj +A, where A: ImPi — ► 
Im Px is of trace class. Hence 

indPi-P2 = 0. (7.51) 

The lemma is proved. □ 



8. Determinants of general elliptic operators 

In (6.31) we extended the definition of the zeta-regularized determinant det^(A) 
to elliptic operators A, ordA 7^ 0, with a choice of the logarithm of their symbols 
cr(logv4). (In (6.31) we suppose that some a (log A) exists but do not suppose that 
log A exists.) 

Later on we will call them canonical determinants and denote by det(A) for an 
operator A. We try to generalize these determinants to the case of general elliptic 
PDOs (i.e., without of the supposition that their logarithmic symbols exist). 

Let a t , < t < 1, be a smooth curve in the Lie algebra tll(M, E) of loga- 
rithms for classical elliptic PDOs such that a t 6 (rp) _1 (c), c G C x . (To remind, 
p: tU(M, E) — > S\ og (M,E) is the natural projection and r: S\ og (M,E) — > C is the 
order homomorphism from the extension (5.4).) Let A t , < t < 1, be the solution 
of an ordinary differential equation 

d t A t = a t A t , A :=ld. (8.1) 

Then A t is the elliptic operator from E11q*(M, E). The symbol of the operator A t<t+£ := 
At+eA^ 1 has a canonical logarithm in S\ og (M, E) close to zero (if e > is sufficiently 
small). Indeed, in this case, the principal symbol a C£ (^At^A^ 1 ^ on S*M is sufficiently 

close to Id. Hence the logarithmic symbol of a (^A^A^ 1 ^ exists by Remark |6.9p 7 Thus 

det (A tt t+ £ ) is defined. 

Let A e E11q(M, E), c e C x , and a smooth curve 04, < t < 1, in (rp) _1 (c) C 
tll(M,E) be such that A = A t \ t= i, where A t is the solution of (8.1). Then the 
determinant of the pair (A, a t ) is defined by 




where {e,} are finite sets of £j > such that Y, £ i — 1- Here, t — 0, ti = s + . . .+£j_i 
for i > 1, U + Ei = t i+1 . 



Here it is enough to use a spectral cut L^y 
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Remark 8.1. Let a t = a be independent of t G [0,1]. Then the map from a G 
S\ og (M,E) to the value Ax at i = 1 of the solution of (8.1) with at = a is the 
exponential map of S\ og (M,E) into Ellg (M, E) since A\ = expa. 

Let a G (rp)- 1 ^) C dl(M,E), c G C x . Then the determinant (8.2) for A = A^a) 
is the zeta-regularized (and canonical) determinant 

det(A) = det(A,a). (8.3) 

In this case, the canonical determinant coincides with the zeta-regularized determi- 
nant det™(v4) := exp (— <9 s CXa( s )ls=o)- Here, the zeta-function of A is defined as 

Cla( s ) := TR(exp(— sa)), TR is the canonical trace, (a,o,(s) is regular at s = by 
Proposition |3~1| 

Hence the determinant (8.2) is an extension of a zeta-regularized determinant cor- 
responding to the case a t = a in (8.2) (where a G (rp)^ 1 (C x ) C M(M,E)). 58 

Remark 8.2. Let S be a positive definite self-adjoint elliptic operator from E11q(M, E). 
Then the solution A t of (8.1) defines a solution B t = SZ5A t of the equation 

d t B t = b t B t , B := Id, (8.4) 
and b t is a curve in (rp) _1 (0) = CL°(M,E), 

b t :=S^a t S? n) -clog M S. (8.5) 
The operator A = At|t=i is defined by 5* and by a smooth curve bt in CL°(M, E). 

Remark 8.3. A smooth curve at, < t < 1, in (rp) _1 (c) is defined by a smooth curve 
at from the origin in tll(M,E) such that a t G (rp) _1 (ct) and 

d t a t = a t , a t := / a T dr. (8.6) 
Jo 

The class of solutions of the equation (8.1) for smooth curves a t in (rp) _1 (c) C 
dl(M, E) coincides with smooth curves A t , < t < 1, in E11q(M, E) such that 
Aq = Id and ord A t = ct. 

Proposition 8.1. An invertible elliptic PDO A G E11q(M, E) with c G C x can be 
represented as the value at t = 1 of a solution A t of (8.1) with some smooth curve a t 
in (rp)- l (c) C t\\(M,E). 

58 There is an unsolved problem. The determinant of an elliptic operator A 6 E11q(A/, E), c G C x , 
has to be defined as a (multiplicative) functional integral 

Det(A) := J det(A, a t )Va t 

over the space of curves at in (rp) _1 (c) C elt(M, E) such that A\ — A for the solution A t of (8.1) 
(with a t as the coefficient on the right in (8.1)). The problem is how to define such an integral and 
what are the properties of Dct(A). 
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Theorem 8.1. The determinant det(A, a t ) (where A, a t are as in (8.2)) is defined, 
i.e., the limit on the right in (8.2) exists. 



Corollary 8.1. The determinant det (A, at) is invariant under smooth reparametriza- 
tions of a curve (a t ). 

Remark 8.4. Let A be a product A = A 2 A 1 of elliptic PDOs from Ellg (M, E). Let 
Aj jt , j — 1, 2, < t < 1, be smooth curves in EIIq (M,E) such that ordA,-^ are 
monotonic in t and A^q = Id, Aj t \ = Aj. Then det (A, at) is also defined for a 
piecewise-smooth curve a t in e[[(M, E), 

a t := (d T A 1>T ■ Ail) 0+ =: Oi,2t for < t < 1/2, 

\ ' / T=2t 

at := (d T A 2 , T ■ A^l) =: a 2 , 2t _i for 1/2 < t < 1. 

\ ' / T=2t — 1 

(In general, this curve is disconnected at t = 1/2.) We have 

det (A 2 , a 2 ,t) det {A x , a 1)t ) = det (A 2 A 1 , a t ) . 

Here, the orders of PDOs Aj have to be nonzero. However we don't suppose that 
A 2 A\ is an elliptic PDO of a nonzero order. 

Proof of Proposition |8.1| . For an arbitrary A G E11q(M, E), c £ C x , there exists 
a smooth curve A(t) in El\$ (M,E) such that A(0) = Id, A(t) e El\$(M,E), and 
A(l) = A. Then d t A(t) = a t A(t), where a t e (rp)-\c) C tll(M,E). Hence for 
A G E11q(M, E), c G C x , there exists a curve a* which satisfies the same conditions 
as in (8.2). □ 

Proof of Theorem |8.1 . The product of determinants on the right in (8.2) can be 



written in the form 

nS'dfltw { A u,u + i) = n^o 1 (di (A ti , ti+1 ) /d (A tiA+1 )) . (8.7) 

Here, t = < ti < . . . < t m = 1 and E{ := t i+ i — ti are supposed to be small enough. 
The element d x {A) G G(M, E) for A G Ell^ (M, E) is defined in Section § as the image 
of A in F \E11 X (M,£) =: G(M, E) (the normal subgroup E is defined by (6.1)). 
The elements do(A) are defined for elliptic PDOs A of real nonzero orders sufficiently 
close to positive definite ones as di(A)/det^(A) G G(M, E). By Proposition |0| the 
element do(A) G G(M,E) depends on the symbol o-(A) of A only. The local section 
do(A) is defined by Theorem |6.1| as the exponential of the C x -cone of null-vectors in 
g(M, E) = q for the invariant quadratic form (5.18) on g. 
The extension of the Lie groups 

1 -> C x -> G(M, £?) -> SE11 X (M, £) -> 1 
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is central. Hence the product of determinants on the left in (8.7) can be represented 
in the form 

di (A tm _ utm ) d x (^Vi) • • • d i ( A t , tl ) /d (A tm _ utm ) ...d (A t0 , tl ) . (8.8) 

By (6.8) the numerator of (8.8) is equal to d\{A). (To remind, A := A t \t=i.) The 
denominator in (8.8) depends on symbols a (A tijti+1 \ < i < m — 1, only. Hence it 
is enough to prove the assertion as follows. 

Proposition 8.2. The limit exists 

Km d (A tm _ l!tm ) . . . do {A t0>tl ) . (8.9) 

Here, {ei\ are finite sets (eq, . . . , e m ~i), m G Z + , of Ei > such that eo + £i + ■ ■ ■ + 
e m _i = 1, t = < t\ < . . . < t m = 1, t i+ i — ti = Ei for < i < m — 1 and Ei are 
supposed to be small enough (when do (^A tu t i+1 ^j are defined). 

Proof. Set l t := a(a t )/c (where a t G (rp)- 1 ^) C dl(M,E)). Let a PDO B G 
E11q(M, E), d 7^ 0, be sufficiently close to a positive definite self-adjoint PDO. 59 
Then under the canonical local identification G(M, E) = exp (g) of Theorem BTl, 

do{B) corresponds to the element exp (d ■ Hd) of exp (g) = expfjj^)), where I := 



a (log^) B^j jd and : g •—>■ g^ is the inclusion of g : S\ og (M, E) into g^ under 
the splitting (5.8), (6.44). (To remind, the Lie algebras g^ and g^) are canonically 
identified by an associative system of the Lie algebras isomorphisms given by 
Proposition |5.1| . Hence this system of isomorphisms defines the canonical Lie algebra 
g.) Let Wi : g^ g be the canonical isomorphism of Lie algebras (defined by the 

system of isomorphisms). Let F t G exp (g) be a solution of the equation 

d t F t = c-W lt (Il k l t )-F t , F = ld. (8.10) 

(Here, c G C x is the constant such that a t G {rp)~ l (c).) This equation can be solved 
by the substitution 

F t :=exp(c-t-Z) ■ K t (l), (8.11) 

where / := Wi (Hil), I G r _1 (l) (for instance, / := Iq), and K t (l) G exp (g) is a solution 
of the equation 

d t K t = c - exp (-c • t ■ I) ■ W l (n,/ t + (f t , / t ) res /2 • 1) • exp (c-t-t)K t (8.12) 



59 Here we use only that <Jd(B)\s* m is sufficiently close to a positive definite and self-adjoint PDO. 
In this case, a ^log^j B^j are defined on S*M. So a (B z ) can be defined on T*M\M by multiplying 
appropriate terms of this symbol by t z ~~ k , t € R+. 
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for K (l) := Id, f t :=l t -l G CS°(M,E). Indeed, let F t be the solution of (8.10). 
Then by (6.47) we have 

W lt (U lt l t ) = Wi (Ikk + (k - (k + I) /2, h - l) iea ■ 1) = 

= I + W l (U l f t + (f t ,f t ) ie j2-l), (8.13) 
d t F t = c ■ lF t + exp (c • * • I) ■ d t K t (l). 

Hence d t K t (l) is given by (8.12) (and K (l) := Id). 
The factor 

u(t) := exp (-c • t ■ I) W t (11,/t + (ft, ft) ies /2 • 1) exp (c-t-l) (8.14) 

on the right in (8.12) is a smooth curve 

u: t e [0, 1] -> u(t) G (rg)- 1 ^) = g" 1 ^ C 0. 

(Here, g: — > g := ^^(M, E 1 ) is the natural projection, r is the order homomorphism 
from (5.4), and $j := CS°(M, E).) Hence the equations (8.12), (8.10) have unique 
solutions. (This assertion is proved in Lemma [872].) 

The approximation similar to Euler polygon line for the ordinary differential equa- 
tion (8.10) on the determinant Lie group G(M,E) is defined for any given finite set 
{si} with £j > 0, J2i e i — 1) as the solution of the equation 60 

d t e (t, {6i}) = c ■ f (t, {ei}) ■ e (t, {^}) , e (0, {^}) = Id, 

8.15 

f (t, = l u for t G (t u t i+1 ) , l t := W h (U h l t ) . 

The product of d (^A tiytj+1 ^j in (8.9) is equal to the value at t — 1 of the solution of 
the equation 

d t ei (t, {Ei}) = c • fi (t, {Ei}) ■ d (t, {Ei}) , d (0, {^j) = Id, 

, , xx (8.16) 
fl (t, {ti}) = k for t G (ti,t i+1 ),li := cr (log (A tiM+1 jJ jcE^ 



(Here, it is supposed that Ej = t i+ i — ti are small enough for log a y\A tiiti+1 J J to 
exist.) 

The difference k — l ti G CS°(M, E) can be estimated as follows. Set B(t) := 
a(A t A^\ (3(t) := a (log [A t A^ l + ^j. Here, t is real and close to t i+1 . By (8.1), 



60 This solution is a piecewise-smooth continuous curve eo : [0,1] — > G(M 7 E), eo is smooth ex- 
cept points eo (tj, {ei}). To remind, locally G(M,E) and exp(g) are canonically isomorphic by 
Theorem 3.1. 
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(8.16), and by (6.75), we have 

Kt)\t=u 

d t b(t)\ t=u b(t 
= F( a d(-ce l l l ))od t (3(t)\t=t l 



exp (— c • Si ■ k) 



1 = d t a (A t ) ■ a (A; 1 ) U = 
- F (ad (—cEik)) o (ck - c£ida(t)\t= ti ) , 



(8.17) 



where F(adZ) is defined by (6.75) and by Remark p. 17| . Here, ^(t) := (3(t)/c(t — t i+ i) 
l{U) = k, i{U+i, 



h i+1 - So we have 



d t b(t)\ t=ti b(ti) 1 = ch + cF (ad (-ce^)) ° (-£^*t(*) 1*=**) 
We conclude that 

(l ti - k) = e l F (ad {-CEik)) o (-d tl (t)\ t=ti ) . 



(8.19) 



The space CS°(M, E) is a Frechet space with semi-norms defined as follows. Let 
{Ui} be a finite cover of M by coordinate charts and let {Vi}, Vi C C/j, be a subor- 
dinate finite cover of M such that Vi are compact. The semi-norms are labeled by 
k G Z + U and by multi-indexes a = (ai, . . . , a„), uj = (ui, . . . , to n ) (ctjUij G Z + U 0). 
For a G CS°(M,E) the corresponding semi-norm is 



maxsup^l^ d^d^.a_k{XiO 



(8.20) 



where a_fc is a positive homogeneous component of a in coordinates Ui 3 x. This 
Frechet structure is independent (up to equivalence) of a finite cover of M by coor- 
dinate charts. 

The proof of Proposition |3.2| uses the following lemmas. 

Lemma 8.1. The difference lt i —\% is O (e«) (as Si tends to zero) with respect to any 
finite set of semi-norms ( 8.20 ). Namely for any finite set (k, a, j = 1, . . . , N , of 
indexes in (8.12) there are constants C\ > 0, e, 1 > e > 0, such that 

for any i, < t { < t i+1 := + £j < 1, < £j < e, 1 < j < N. 



Corollary 8.2. The difference of the coefficients fi (t, {£«}) — fo (t, {^i}) in the linear 
equations (8.16) and (8.15) is O (Ei) (as E{ tends to zero) with respect to any finite 
set of semi-norms (8.20) uniformly int G {ti,t i+ i) and inti, < ij < 1 — e^. Namely 
the logarithmic symbols k and l ti are of order one, li,l ti £ r _1 (l). By (6A7) and 
( 8.13 ) we have 



l u =h + W h (U k (l ti - h) + (l ti - h, l ti - h) rcs 12 ■ 1) 



(8.21) 
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By Lemma IO , l ti — h is (ej) (as £j tends to zeroj u>rf/i respect to any semi-norm 
(8.20). Hence (l t . - k, l t . - k) Ies = O (ef) and l u - ~k is O (e<). 

Lemma 8.2. There is a unique solution F t of the equation (8.10). We have 

lim eo(i,{£i}) = i 7 * 

supjei}— >0 

uniformly in t & [0, 1], supj {£i}. 

Remark 8.5. The convergence in G(M,E) is defined as follows. 

1. A sequence {g m } C G(M, E), m G Z + , is convergent to a point (7 G G(M, Z?), if 
there is m G Z+ such that for m > m 

#~V« G exp (W Z (Z) ) 

(for some fixed / G r _1 (l) C Si og (M, i?)) and if Wf 1 \og(g~ 1 g m ) =: u m G gm are 
convergent to zero in gm. The points -u m G gm are written in the form 

Mm = + u° m + c m ■ 1 (8.22) 

with respect to the splitting (6.44) defined by I. (Here, q m ,c m G C, u° m G CS°(M, E), 
and 1 is the central element in gm.) The assertion u m — > in gm (as m — > 00) means 
that q m — > 0, c m — > 0, and any semi-norm (8.20) of u^, \\ u m\\kau)' tends to zero. 

2. Let f £ :te [0, 1] -> / e (t) G G(M, £) be a family of curves in G(M, £). We say 
that f e tends to a curve fo in G(M, E) uniformly in t (as e tends to zero), if 

1) there is Eo > such that for < e < Eo 

Hty l f £ (t) =: exp (W lUe (t)) G exp (w$q) , 

2) for the components of the elements 

u £ (t) :=q e (t)l + u £ (t) + c £ (t)-leg m 

written with respect to the splitting (6.44) (similarly to (8.22)), it holds uniformly in 
t and with respect to any semi-norm (8.20) 



-> 0. 



&(*)-► 0, c e (t)->0, 

(These conditions are independent of I G r _1 (l) C Si og (M, i?) by Proposition ^4] and 
by Theorem |6.1| . ) 

3. The extension gm of S\ og (M,E) D 0o : = CS°(M, E) is defined by a cocycle 
if/, (5.5). The restriction to go of this cocycle, Ki (Bo, Co), depends only on images 
of symbols B Q , C in CS°(M, E)/CS- n ~ l (M, E) (n := dim M). By Proposition |0 



the identifications Wi lt i 2 : g^) Qy 2 ) with l x — l 2 G CS n l (M, E) do not change 
the coordinate c of the central elements c • 1 in g^) and in Q(i 2 ). 
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A sequence {g m } C G(M, E) is convergent to g G G(M, E), if the following condi- 
tions hold. 

1) The symbols s m := p(g m ) are convergent in SE11q(M, E) to s := p(g). It 
means that the orders q m := ords m G C are convergent to q := ords and that the 
restrictions of s m to S*M are covergent to s\s*m- Namely let {Ui} be a finite cover 
of M by coordinate charts and let {V^}, Vi C Ui, be a subordinate finite cover of 
M such that V, are compact (as in (8.20)). Then the restrictions to S*M of the 
positive homogeneous components (s m ) qm _ k (x,£), k G Z + U0, (defined by s m and by 
a cover {£/«}) are convergent over all Vi to (s) g _fc(x, £)|s*Af together with their partial 
derivatives with respect to (This is a condition of convergence with respect to 
semi-norms similar to (8.20). Here, the factors with powers of |£| in these semi-norms 
can be replaced by 1 since £ G S*M.) If such a convergence holds with respect to 
some finite cover of M by coordinate charts, then it holds with respect to any finite 
cover of M by coordinate charts. 

2) The images q (« m ) of elements u m G g<7), exp (Wi« m ) := g~ x g m i under the 
natural projection 

Q:0( O ^S(o/S = C (8.23) 

are convergent (as m — > oo) to zero. Here, := S\ og (M,E) is imbedded (as a linear 
space) into g^) with respect to the splitting (6.44) defined by I. The projection 
q depends on the image of I in q/CS~ u ~ 1 (M, E) only (n := dimM). Namely for 

h, h e r- x (l) C g such that h - l 2 e CS- n - 1 (M, E) we have 

Q 2 WU = Ql . (8.24) 

The group structure of G(M, E) is induced by the group structure of EUq (M, £"). 
This structure is in accordance with the convergence in G(M, E). 

Lemma 8.3. The estimate 

d (a (A^A^ 1 )) exp [-cej u ) :=exp (ce/tj exp (-ce/^) =Id+0 (e-) (8.25) 

/ioWs m G(M,E) uniformly in i, ti (as Si tends to zero). 

Remark 8.6. The estimate (8.25) means that its left side has a form exp (Wiu), where 
u G (for some / G r _1 (l) C Si og (M, E 1 )) and that u is O (e?) in 0(f) (uniformly in 

i, ti). The latter condition means that with respect to the splitting (6.44) (defined 
by I) we have 

tt = 0- l + « + c- l6 0(f) 

(because r (Zj) = r (l t .) = 1 and so rq{u) = 0), where c is (e?) and is O (e?) in 
C5°(M, ^) with respect to any semi-norm (8.20) (as tends to zero). This condition 
is independent of I G r _1 (l) by Proposition [54] and by Theorem |6.1| . 
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Now we return to the proof of Proposition ?0. We have to prove the convergence 
of the product 

do({A ti ,ei}):=d (A tm _ ltm ) . . . d (A totl ) =:exp(ce m _iZ~ m _i) . . .exp(ce fo) (8.26) 



as supj {ei} tends to zero. By Lemma |§~2| , the solution e\ (t, {E t }) of (8.15) tends (in 
G(M,E)) to F t as sup^ {ei\ — > 0. (Here, F t is the solution of (8.10).) In particular, 

ei (1, {ei}) := exp (c£ m -.J tm _ 1 ) ... exp (ce l to ) (8.27) 



tends to F±. So the product e\ (1, {&;}) converges (as sup^ {ei} — > 0). 
By Lemma |8.3| we have 

exp (ceJij = exp (V^w») exp (ceJ^J (8.28) 

with Ui = O (e?) in §m uniformly in z, £j. By Lemma |8.2| we conclude that for any 
{£,■} with sup^ {e,-} small enough, the products 

p i ({ £ j}) '■= ex P (csJti) exp (cei-ift^J ... exp (ce Q lt ) (8.29) 

belong to a bounded set B in G(M,E) for any t,-. Indeed, (8.29) tends to F ti 
uniformly in i, tt as supj {Ej} tends to zero. There is an open set G U C 0(/) 
such that the products (8.29) belong to F ti exp (WjZ7) for all ^ (if sup^- {e^} is small 
enough) and C/ is bounded in Qyy (The latter condition means that the direct sum 
components of elements of U in = C • / © CS°(M, E) © C • 1 splitted by (6.44) are 
bounded. A set -B C CS°(M, E) is bounded, if it is bounded with respect to all semi- 
norms (8.20).) So Qi := Pi ({e i })~ 1 exp (Wm) P { ({Ej}) is Id+O (e?) uniformly in z, 
{i/}, if swpj {Ej} is small enough. (The latter condition means that Qi = exp (WjA;*), 
where fcj is O (e?) in g^). Note that Qi depends not on Pi ({£■,}) but only on its 
symbol p (Pi ({Ej})) G SE11 X (M, E).) We have 

d ({A ti , £j}) = exp (W { tt m _ 1 ) exp \C£ m -ik m -?) • • • exp (Wj«o) exp (c£ ^ ) = 

= exp(Wiu m _ l ) expfcs^Jt^j ... exp (W^+i) exp (ce i+ J ti+1 ^ P { ({Ej}) Qi...Q = 

= P m _i ({e^}) Q m _i . . . Q = ei (1, {e^}) Q m _i . . . Q . (8.30) 

We see also that the product Q m -i ■ ■ ■ Qo tends to Id G G(M, E) as sup,, {Ej} — > 0. 
Indeed, Qi is Id+O (e^) uniformly in j and the product 



n, (i + Ce^) < exp (cJ2 4) ^ ex P (° ■ su p fo}) 

tends to zero as supje,,} — > 0. (Here, C > 0, is a finite set, — 1> £ j > 0. 
Proposition [872] is proved. □ 

Theorem |8.1| follows from (8.8) and from Proposition |8.2j . □ 
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Hence the definition (8.2) of the determinant det (A, a t ) is correct. 
Proof of Lemma 8.1] . By (8.19), it is enough to prove that for sufficiently small 



Si > 0, 

£{e i ,A t ):=F{a,d{-ce i l i ))oda{t)\ t=ti is 0(1) (8.31) 

uniformly in U Here, j(t) = a (log (X^)) /c (t - t i+1 ) G r^l) C S log (M,E), 

lu +1 (t) := 7(0- Let 1 e ^(l) C S log (M,E) be fixed. Then 7 °(t) := 7tl (i) - Z G 
CS°(M, E) is defined for any point of J 2 , I = [0, 1], sufficiently close to the 

diagonal in I 2 . The derivative 9 t7 (£)|t=*i m (8.31) (where 7 (£) := 7 t i+1 (i)) is equal to 
0t7t i+1 (Olt=ti and so it is an element of CS°(M, E). The assertion (8.31) means that 
for sufficiently small E{ an element C(ei,A t ) G CS°(M,E) is defined and that any 
semi-norm (8.20) ||£||fc iQ!>a , of C with respect to a finite cover {Ui} of M by coordinate 
charts is bounded by C(k,a,u) uniformly in t{, The derivative 9t7° (i) (for t 

sufficiently close to ti) exists, if all the homogeneous components yJtut) fc ( x '£) °^ 
the symbol 7t ° (t) G CS°(M, E) written in local coordinates U{ are smooth in t, x, £, 
C / 0. 

Let us prove that 9 t7 £(i) is 0(1) in CS°(M,E) uniformly in (ti,t) from some 
neighborhood of the diagonal in I 2 . The symbol s tl (t) := a {^AtA^^j is a solution of 
the equation 

d t s tl (t) = a(a t )s tl (t), s tl (* 1 )=Id. (8.32) 

Here, s tl (t) G SE]$ t_tl) (M, is a smooth curve in $EQ$(M,E) (i.e., the curve 
exp (~c(t — ti) I) s tl (t) is smooth in SE11q(M, E)). This assertion follows from the 
Peano differentiability theorem for ordinary differential equations ( |[Ha |, V. 3). For 



G 



equations equivalent to (8.32) its proof is contained in the proof of Lemma 
For small \t — 1\\ the symbol s tl (t) is close to Id on S*M and a (log (A t A^ 

Sio g (M,E) is defined. The curve (3 tl (t) := a (log (A t A^y^ is smooth in S\ og (M,E) 

for small \t - h | , (t) = (3 h (t) - c (t - h) I is a smooth curve in CS°(M, E), i.e., in 
local coordinates on M all the homogeneous components of /^(t) are smooth in t, t±, 
x, £ for small \t-ti\ and f ^ 0. We have ^(f)^ = c (Z tl - /) G OS°(M, E) and 
c (Z tl — I) = a 4l — c/ is a smooth curve in CS°(M, E) (under the conditions of (8.1)). 
So 7 t 1 (t) — / = (3 tl {t)/c{t — t\) — I is bounded with respect to any semi-norm (8.20) 
Il7ti(0llfcao) uniformly in (ti,t) from some small neighborhood of the diagonal in I 2 . 
(Here, T*i (*) It=*a is defined as Z tl .) 

It is enough to prove that F (— ad (e^)) transforms a bounded set i? in CS°(M, E) 
into a bounded set Bi in CS°(M, i?) for all sufficiently small uniformly in i, Zj. The 
operator ad (e^) acts on B C CS°(M, i?) as £$ [Z i3 &]. (It is proved above that Zj — I 
are uniformly bounded in CS°(M, E).) Let {o^} be a finite cover of M by coordinate 
charts and let {Vj}, Vj C Uj, be a subordinate cover with V 3 - compact in Uj. Then 
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li\y_ = 1°S l£l ' Id+Zilyj, where £ corresponds to local coordinates of a chart Uj and 
fi belongs to the restriction to Vj of a bounded set B C CS° (llj, E\ v ^j uniformly in 



Zj. So we have 
[h,b] 



E {E ^i giei-^- fe (x,o + 

<?,fceZ+U0 |a|>l 

E (^(/i(x,0)-,^6-*(^0 -^6- fc (x,0^(/i(x,0)-,)}| 7 .- (8-33) 



a>0 



The symbol belongs to CS°(M, E) and by (8.33) its homogeneous components 
[h, b]_ m , m e can be estimated as follows. Let the semi- norm in CS°(M, E) 
be defined as the sum X)|H|fc aa) over (k,a,ui) with < k + \a\ + < N. Then 
the Frechet structure given by the semi-norms 1 1 - 1 1 ^ , N G Z + U 0, on CS°(M,E) is 



equivalent to the one given by the semi-norms 



[h, b] \y 



N 



<C N, Br 



We have by (8.33) 



N 



(8.34) 



Indeed, by (8.33) and by Leibniz' formula, the estimate holds 



E i u P 

m+\/3\ + \u\<N x€Vj,&0 



d?DZ[k,b]_ m (x,o iei 



m+/3 



< 



<c 



A? 



sup 

|£|^0,l<|a|<iV 



3?log|£| 



X 



sup 



+ _ sup d^DUfi(x,0)- q 

xeVj,\$\^0,0<\j\+\a\+q<N,qeZ+UO 

ier |aP 



X 



D Idp-k 



<C N (l+ /, 



iV 



6| 



v, 



;8.35) 



0<|7| + |a| + |fc|<Af 



and 



/ill?. < (-Br/ ) for f { from a bounded set B v in CS°(M, E)\u.. So the op- 

erator norm of ad (k) in CS°(M, E) with respect to the semi-norm \\-\\ N i n CS°(M, E) 
is bounded by C(N,L), where L C CS°(M,E) is a bounded set such that all the 
elements U belong to I + L for all {e^}. 

The action of F (ad (— ceik)) on an element b G CS°(M, E) is defined by Re- 
mark 16.171 as 



F(z) ob\ z= _ CSiStA{h) = 2 



n>l 



6| 



2=— C£i ad(/i) • 



(8.36) 



The operator norm of z := — CEi ad (Zj) in CS°(M, E) with respect to the semi-norm 
\\-\\ N is bounded by cEiC(N, L). Hence the operator norm of F(z) in (CS°(M, £), Hl^) 
is bounded by {c£iC(N, L)) n ~ jn\. This series is convergent uniformly in &j, < 
£j < 1. (Note that this convergence is not uniform with respect to N G Z + U 0.) 
So F(z) is a bounded operator with respect to all semi- norms \\-\\ N . It is proved 
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above that d t j(t)\ t=ti belongs to a bounded in CS°(M, E) set uniformly in i, t i: Si. 
So F(z) ■ d t j(t)\t=ti is bounded in CS°(M, E) uniformly in i, t iy £j. Lemma is 
proved 

>.3|. For sufficiently small the product on the left in (8.25) 
by the Campbell-Hausdorff formula. In our case this formula 



□ 

Proof of Lemma 



belongs to exp [g^) 
takes the form 



log (exp (csJt^ exp (-ceil 

( 



c£i[l ti -k) + c?e? l u 



Zj, H 



ti 1 



+ 



1 4. i 



/2 + 
/12 + ... (8.37) 



By Lemma |3.1| l t . — U is O (e*) in CS°(M, E) uniformly in i, ti, i.e., (l ti — k) /e* 
belongs to a bounded set B in CS°(M, E). It is proved in Lemma |S.1| that ad (k) is 
a bounded operator in (CS°(M, E), \\-\\ N ) for any iV G Z + U 0. 

Note that l ti — k belongs to g = (rp) _1 (0) C 0. The identifications Wi lt i 2 : Qqx) —> 
0(, 2 ) transform the Lie subalgebra go C 0^) into itself by Proposition [57T| , (5.11). 
However these identifications for general I1J2 G r _1 (l) do not act as Id on go. By 
(8.21), l t . — li is also O (e^) in g with respect to the natural extension of the semi- 



norm 



\ N to go for any N > n := dimM. The operator ad (lij is also bounded in 
0o C 0(q with respect to || • || jy, N >n. Note that by Proposition |5.1|, (5.11), the semi- 
norm \\-\\ N on 0o C 0(7) is transformed to an equivalent semi-norm on O C Qn^ 
under the identification Wi^ : 0(/) Q^) when N > n. So it is enough to show 



that ad (l^ is bounded in (0, 
given by 



IJV 



), 0o C (O . The element W l 1 (k) = W ia (n h k) is 



wr 1 (h) = m + {u -i,u- i) les /2 • 1 e (O . 



(8.38) 



Any element of O C 0(n is of the form LT^a + c • 1, where a G O = CS°(M, i?) and 
c G C. So we have by (8.38), (6.48), (5.7) 



ad (Wf 1 (/»)) (LLa + c • 1) = II, {[k, a]) + K t (k - Z, a) • 1, 

^ (Z,-Z, a) ^-(M-zuu^auuu 

We know that ad (Zj) is a bounded operator in O := (CS°(M, E), 



\nJ 



(8.39) 



The 



operator ([Zj, Z] , a) res is a bounded linear operator from (g 3 a, ||'||jy) to C for > n. 

Hence ad (lij is bounded in O C 0(,). 

So the first term in (8.37) is estimated in the semi-norm by Cef, the second 
term is estimated by CV ■ Cef/2, the third one is estimated by C% ■ Cef/6. Hence for 
sufficiently small £j > the series (8.37) is convergent with respect to the semi-norm 
\\'\\ N on 0o C 0(,) (because this series is convergent in a neighborhood of zero in a 
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normed Lie algebra). Its j | - j | ^ semi-norm is estimated by C\e\ uniformly in for 
small £j. 

However it is difficult to prove the simultaneous convergence of the series (8.37) 
with respect to all semi-norms ||-||jv (f° r a fixed small £i). 61 But the existence of a 
logarithm for a given element g G G(M,E) (i.e., the existence of an element h G g 
such that exp(/i) = g) depends on the properties of the principal symbol (pg) OT & g for 
the image pg G SEHq (M, E) of g, Remark |6.8| . (The order of the expression on the 
left in (8.24) is zero.) The convergence of the Campbell-Hausdorff series (8.37) with 
respect to semi-norms j | - j | ^ , N < N±, means that in our case (for sufficiently small 
£j > 0) the first homogeneous terms (}og(pg)) _ k (x, £), k — 0, 1, . . . , Ni, exist and that 
D^d^ (log(pg))_ k (x,£) exist for |a| + \u\ +k < N%. Hence logg G exists in our case 
for sufficiently small e< > 0. To obtain the estimate of log g by O (ef) with respect to 
all semi- norms H-H^ (as tends to zero), note that in our case logg 6 g C g = Wjfl(z) 
is defined for small £j. So the semi-norms HloggH^ are defined for all N G Z + U 0. 
For a fixed N > n := dimM the series (8.37) is convergent with respect to \\-\\ N on 
0o f° r < £j < e(N), s(N) > 0. 62 So by the written above estimates of the terms on 
the right in (8.37) with respect to || • H^, we see that the H-H^ semi-norm of the series 
(8.37) is O (ej) for < £; < e(N). 

The same estimate can be also produced with the help of ordinary differential 
equations. Namely set v(t) := exp (tl ti J exp (— tli ) . Then we have v(0) = Id G 
G(M,E), 

d t v{t) = exp (t! u ) (l u -h) exp (-th) =v(t) exp (th) (l u -h) exp (-th) . (8.40) 
We claim that 



V [CEi 



l<% = 0(e?) in g (8.41) 

for all G Z + U as e$ tends to zero. Here, H-]^ is the operator norm in ($j , ||-||jv), 
i.e., ||^4||iv||/||jv > ||A/1|iV for any / G 0o an d ||^4||jV is the infinum of numbers with 
such a property. If ||A/||jv ^ on g , then \\A\\n > 0. 
Set 

q(t) := exp (th) (l u - h) exp (-th) =: Ad^^j (l ti - h) G O , 

/~n ~ (8.42) 

dtq(t) = ad{li)oq(t), q(0) := l u - li- 



lt is shown in the proof of Lemma |8J] that the operator ad (h) in (CS (M, .E), 1 1 - 1 1 jv ) 
is bounded (since h belongs to a bounded set in (CS°(M, E), \\-\\ N ) for any N G Z + U0 



61 It may be so that there are no £% > such that the series (8.37) is convergent with respect to 
all semi- norms ||*||jy) N G U 0, simultaneously. 

62 Note that ||o||jvi > IMIa^ f° r -^l ^ ^2 > 0. So this series is convergent with respect to ||-||jy 
for all N G Z+ U 0. 
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uniformly in i, U, £j). The operator ad (J^j is also bounded in g with respect to the 

natural prolongation of 1 1 - 1 1 from CS°(M, E) to go := (rp)^ 1 (0) C 0^}. (Here, we 
suppose that N > n := dimM.) So by Lemma |8J] and by (8.42), (8.21) we have for 
all N > n, < ei < e(N) 

\\q(t)\\ N <C N \\l ti -i i \\ N <C' N e i . (8.43) 

By (8.40), (8.43) we have 63 

dt \\v{t)\\ N < \\d t v(t)\\ N < C N \\v(t)\\ N \\q(t)\\ N . (8.44) 

Here, we use that 1 1 cz - 6 1 1 < C*iv ll^lliv ll^lliv for a, b £ CS°(M, E). We use also that the 
analogous estimates hold for a £ exp (g Q ) C exp (q^)), b £ g := (rp)~ 1 (0) C Q(h)- 
(In that case ||o||jv is the operator norm in (g , ||-||jy). We have ||a||jv < ex P (IMIiv) 
for a = exp a, a £ O .) So the following estimates for the operator norms in (g , || ■ \\ N ) 
hold by (8.44), (8.43) 

\\v(t) || N < \\v(Q) || N exp (C N C' N £it) , 

< CjvC^exp (C^C^t) ||^(0)||^, 

(8.45) 



\\v(t)-v(0)\\ N < / ||c>^(r)|| < 11^(0)11^ (exp (C7,vC7^) - 1) , 

•/ 

||v (ceO - IdlU < C&e? 

for < £j < e(0), i.e., the estimate (8.41) is proved. Thus Lemma |S.3| is proved. □ 
Proof of Lemma |8.2| . The equation (8.10) is equivalent to (8.12) with K : = Id, 
f t :=l t -leCS°(M,E),i.e., 

d t K t = cu(t)K u u(t) := exp (-ctl) (W t (II, /* + (f t , f t ) ieB /2 • 1)) exp (ctl) . 

(8.46) 

Here, K t £ G°(M,E) := p' 1 (SEU°(M, £)), u(t) £ g := W\ (p^ 1 CS°(M, E)), where 

0(0 — *■ S\ og (M,E) and p: G(M,E) — »■ SE11 (M, E 1 ) are the natural projections. 
(The Lie subalgebra g C g is independent of I £ r _1 (l) C Si og (M, E).) 

The extension p: G(M, E) — > SEHq (M, i£) is central. So for fc t := pK t we have the 
equation in SE11q(M, E) 

d t k t = Ul (t)k t , k := Id, Ul {t) := c ■ pu{t). (8.47) 

The coefficient m{t) belongs to CS°(M,E), 

u\{t) = q (t; x, f ) + g_i(t; x, f) + . . . + g_ m (t; a:, + ■ ■ ■ 



63 We denote the constants in (8.43), (8.44), and below depending only on N by the same symbols 
Cn, C' n , etc.. 
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in local coordinates x on M. (Here, q_j is positive homogeneous of degree (—j) in 
£.) The symbol k t belongs to 3E11° (M,E) and 

k t = k (t; x, £) + x, + . . . 

in local coordinates. The symbol is a local notion. So (8.47) is equivalent to the 
system of ordinary equations 

d t k = q k , 

d t k-i = q k-i + q-!k + d^q D Xi k Q , 

i 

(8.48) 

d t k- m = q k^ m + ^ -l^Q-rD^k-j, 
— al 

(Here, r,j e Z + U0 and the sum on the right for d t k_ m is over (r, j, a) with r+j + |a| = 
m, \a\ +r > 0, and D x := i~ l d x .) This system has a triangle form. Its first equation 
(written with respect to a smooth local trivialization of E) for fixed (x, £) is a linear 
equation 

<9 t A;o(t; x, = q (t; x, £)k (t; x, £), A; (0; x, f) = Id (8.49) 

on GL N (C), N := rk c E. Its coefficient q (t;x,^) is smooth in t, x, £ (for £ ^ 0), 
< £ < 1. So its solution k is unique and smooth in such t, x, £. The second 
equation is a linear equation on Mjv(C) with fc_i(0; x, £) = and with known smooth 
in (t,x,£) for £ ^ coefficients qo(t;x,^) and (g-i&o + d^qoD x .k ) (t; x, £). So its 
solution /c_i(t;x, £) is unique and smooth in (t, x,£) for £ ^ 0, < t < 1. The 
equation for /c_ m (in (8.48)) is also linear in M N (C) with /c_ m (0;x, £) = and with 
known smooth in (t, x, £) (£ 7^ 0) coefficients. So k- m (t; x, £) is unique and smooth in 
such t, x, £. Hence the solution kt of (8.47) exists and is unique, and kt G SE11 (M, E). 

Therefore we know k t := pK t and have to find K t e G°(M, E). Let K%, < * < 1, 
be a smooth curve in G°(M, E) with K° = Id and pK° = k t . Set X t := K° t v t . Then 
ut G p _1 (Id) ~ C x C G(M, E), where C x is a central subgroup of G(M, E). (The 
Lie algebra C • 1 of C x is W l (p, -1 (0))- 

Note that the identifications W 7 ^ restricted 
to p^ 1 (0) = C • 1 act as Id on C.) The equation (8.46) is equivalent to 

dtv t = (- (K^y 1 d t K° t + (K?)' 1 cu(t)Kf) v t , v = leC x . (8.50) 

The coefficient of this linear equation is a smooth function ip: [0, 1] — > C • 1 := 
(p; _1 (0)). Indeed, the image of y?(t) in Si og (M, £) is 

-A;" 1 {d t k t + Ul (t)k t ) = 0, 
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and so tp(t) G C • 1 C Qo C g. The curve is a smooth curve in G°(M,E). 
So — 1 d t K® and Ad^o^-i cw(t) are smooth curves in g (because u{t) is a 

smooth curve in g ). So <£>(t) G C • 1 C go is smooth. The solution of (8.50) is 
v t : = exp (Jq tp(t)dt) . Hence the equation (8.46) has a unique solution K t and the 
equation (8.10) (equivalent to (8.46)) has a unique solution F t . 

We have to prove that the solution e (t, {£»}) of (8.15) converges to the solu- 
tion F t of (8.10) uniformly in t G [0,1], as supj{£j} tends to zero. Set e (t,l) := 
exp (— ctl) eo (t, {&;})• (Here, / G J* -1 (l) C S\ og (M,E) is the same as in (8.11), 
(8.46).) Then eo(t, I) ■ = e t is the solution of the equation 

d t e t = cx(t)e t , e = Id, 

x(t) := exp (-ctl) (Wt (U^ + (f ti , f u ) res /2 ■ 1)) exp (ctl) = u (U) ^ 

for t G (ti,t i+ i) = (ti,ti + Si). (Here, u(t) is defined by (8.46) and f t : = It — I- Recall 
that the analogous equation for K t = exp (—ctl) F t is d t K t = cu(t)K t , K = Id.) 

In (8.51) e t is a curve in G°(M, E) and x(t) G go. The image e" = pe t in 
SEHq (M, E) of the curve e t is the solution of the equation 

d t e a t = xi(t)e t ff , cl = Id, xi(t) = c • px(t) G CS°(M, E). (8.52) 

Here, £i(t) for t G (tj,tj + i) is equal to u\ (tj), where u\{t) is the coefficient of the 
equation (8.47). The symbol c" belongs to SE11q(M, E) and in local coordinates it 
takes the form 

c a t = m (t; x, f ) + m_i(£; x,£) + ... , 

where rri-j is positive homogeneous of degree (— j) in £. The symbol is a local 
notion. So the equation (8.52) is equivalent to the system of the form (8.48) with /ex- 
changed by m_j and with g_j(;£; x, £), t G (ti,t i+ i), changed by q e _j '■— q~j (ti;x,£). 
Here, k_j(0;x, £) = g_j(0;a;,£) = tf^old. The first equations of these systems 

d t k = q k , d t m = q £ m (8.53) 

for fixed (x, £), £ 7^ 0, are linear equations on GLn(C), N := rkcE. So k^m® =: 
r G GLn(C) is the solution of the equation 

t r o (t) = (k, 1 (gg - g ) fc ) r (t) =: s (*)r (*), r (0) = Id. (8.54) 

Here, the coefficients q and g§ are 

g (*) = Ad exp( _ ct /) o/ t , gg(i) = Ad exp( _ c «) o/ t . 

for £ G (ti,t i+ i). The symbol exp(— ctZ) belongs to SE1LJ C *(M, i?) and it can be 
locally expressed by the symbol I (as in Section ^). So for sup^ {ei} small enough, 
the difference qo(t) — q^t) is small uniformly in t G [0, 1], x, £ (£ ^ 0). The same 
assertion is true for any finite number of partial derivatives d?D^ (qo(t) — <7o(£)), i.e., 
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\\Qo(t) — 9o(*)IIjv for < AT < Aq and any fixed Aq G Z + is uniformly small in t as 
sup, {ei} tends to zero. (Here, 1 1 - 1 1 ^ is the same semi-norm over a local coordinate 
chart Vi as in (8.34), (8.35).) 

The principal symbol k (t) := ko(t;x, £) in (8.54) is a fixed smooth curve in 
SE11°(M, E)/CS-\M, E). So Ad fc -i (t) (gg - q ) (t) is small uniformly in t, x,£(£^ 0) 

with respect to semi-norms over Vj for < N < Aq as supj {ei} tends to zero. 
Hence by (8.54) we claim that for any e > 0, Aq G Z+, there is <5 > such that for 
< AT < Aq 

\\r (t) -ld\\ N < e (8.55) 

uniformly in t G [0,1] as supj {e^ < 5. 

The second equations of (8.48) and of the analogous system for m_j are 

dtk-i = q h + (q-ik + ^2d ii q D x .k^j , 

m- 1 (0;x,S) = k- 1 (0;x,£) = 0. 

For fixed (x, £), £ 7^ 0, these equations are linear with known coefficients such that 
the estimates \\q — qo\\ N < e and 



q-ik + d^q D Xi k - q^mo + ^ d (i q £ D Xi m 



< e 

N 



hold uniformly in t G [0, 1] for < N < Aq as supj {e^ < 5. (This assertion is true 
for any given e > 0, Aq G Z + , if <5 is sufficiently small.) From (8.56) we conclude 
that \\k-i — m-i\\ N is small uniformly in t G [0, 1] for < N < Aq, if sup^ {Ei} is 
sufficiently small. 

Let this assertion be true for \\k-j — m-j\\ N , < N < N± (with any Aq G Z + ), if 
0<J<a — l(aG Z_|_). Then with the help of the linear equations for k_ a from 
the system (8.48) and with the help of the analogous equations for m_ a we conclude 
that the same assertion is true for ||fc_ — m^ a \\ N uniformly in t G [0, 1] as supj {ei\ 
tends to zero. Therefore, the solutions e%(t) G SE\\^(M,E) of (8.52) (for different 
{Ei}) tend to the solution k(t) of (8.47) uniformly in t G [0, 1] with respect to all 
semi-norms as sup^ {e^ tends to zero. 

Set r t := K^e t G G°(M, E), < t < 1. (We know already that pr t G SE11°(M, E) 
tends to Id uniformly in t G [0, 1] with respect to as sup^ {e^ — > 0.) The curve 
r t is the solution of the equation 

t r t = (cAd K -i(x(t) - u(t))) r t , r = Id. (8.57) 
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(The coefficient in (8.57) belongs to g . The semi-norms || • on g := CS°(M, E) 
have natural continuations to the semi-norms ||-||jv on So C Q(i)-) The coefficient in 
(8.57) is small with respect to ||-||jy, < A^ < N\, uniformly in t G [0, 1] as sup^ {ei} 
tends to zero. The projection pr t G SE11q(M, E) is close to Id with respect to || - 1| ^ 
uniformly in t G [0, 1] under the same conditions. An element g G G°(M, E) has a 
logarithm in g (/) , if pg G SEll£(M, E) has a logarithm in g := CS°(M, E). Note that 
log pr t exists because pr t is close to Id in \\-\\ N , 1 < N < A^. So the equation (8.57) 
for r t can be written as the equation for p t := logr 4 G g C (by Lemma |61|). 
Namely, by (6.74), (6.141), the equation (8.57) is equivalent to the equation for 

pt e so 



d tPt = cF^{ad{p t ))Ad K -i{x{t) -u(t)), p = 0, 



F- 1 (ad(p t )) := 



z 



exp z 



z=ad(p t 



\ (2*-l)! 



(8.58) 



z=ad(pt) 



(The series F 
that 



is convergent for \z\ < 2ir.) Taking into account (8.58) we conclude 



\Pt\\ N 



< 



Hpt\\ N 



< C 



F~ 1 (ad(p i )) 



N 



Ad 



k: 



(x(t)-y{t)) 



N 



159) 



One can try to prove that HptH^ is small for t G [0, 1], < N < Ni using the 
estimates analogous to (8.59) and the Picard approximations. However we prefer to 
use the structure of (8.58) and the information about ||ppt||jv 

Note that ad (ai) = ad (a 2 ) in jj (for aj G go), if a± — a 2 belongs to the central Lie 
subalgebra C ■ 1 of g . So ad (p t ) (as an operator in g ) depends on pp t G go only. 
Set ad {ppt) '■= ad (p' t ) for any p' t with pp' t = pp t . We know the solution pp t of the 
equation in g which is the projection of (8.58) to go- Namely pp t is the solution of 
the equation 



dt (ppt) = cF (ad (pp t )) p Ad 



{x(t)-u(t)) j 
= F- 1 (ad ( PPt )) Ad fc -i (x 1 (t) - Ul (t)) , (8.60) 



and we know that UpptH^ is small uniformly in t G [0, 1], AT for < AT < N% as 
supj{£j} is small enough. Let I G r _1 (l) C Sy og (M,E) be fixed. Then the equation 
(8.58) in Qm written with respect to the splitting (6.44) is 



d tPt = F- 1 (ad (pp t )) (p (Ad AT i(x(t) - u(t)) © f{t) ■ 1 



(8.61) 



where /: [0, 1] — > C is a smooth function and |/(£)| is small uniformly in t G [0, 1] as 
sup, {si} is small enough. We know that || ad (ppt)\\ N is small in g for N < N%. So 
it is small also in g for n := dimM < N < N\. Set p t = ppt © Wt ■ 1, Wt G C, with 
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respect to the splitting (6.44). Then in view of (8.60), 
the solution of an ordinary differential equation 



(8.61) we conclude that w t is 



d t w t = /(*) + [ppt, 



Ml- z/2 



\p C(l 2fc) 2 fc-l 

^(2*-l)! 



=ad(pp t ) 



(8.62) 



Here, w f := Ad fc -i (xi(t) - Ui(t)) and ad (pp t ) in (8.62) acts on g := CS°(M,E). 

To prove that p 4 is small in (g , for < N < Ni, it is enough to prove that 

\w t \ is small for t G [0, 1], if sup^ {ei} is small enough. We know that pp t and u t are 
small in (g , H'IIat) for < A < iVi. It is proved in (8.34) that ad(Z) is a bounded 
operator in g with respect to ||-||jy. The operator ad (ppt) in (go, II * II jv) nas ^ ne norm 
|| ad (ppt)||jv n °t greater than CV ||ppt||^ by (8.35). So the series on the right in (8.62) 
is convergent and the estimate 



J, l-s/2-£ 



C(i 



(2A; - 1 



2^) ^fe-i 



z=ad(pp t ) 



(8.63) 



A/ 



is valid for supj {si} small enough. We have by (8.62), by the estimate |(a,6) res | < 
||o||jv||6||jv for a, b G go, N > n, and by (8.63) 

\w(t)\<J \f(r)\dr + C' N j \\pPr\\ N \\u T \\ N dr 

for any N > n. So \w(t)\ is small for t G [0, 1], if sup^ {^j} is small enough. Hence for 
such {ei} the logarithm p t of r t is small in (g , ||-||jv) f° r & H t G [0, 1], < < iVi. 
Thus r t G G°(M, £?) is uniformly in t G [0, 1] close to Id G G°{M, E) with respect to 
all 



as supj {si} tends to zero. Lemma |0] is proved. □ 



8.1. Connections on determinant bundles given by logarithmic symbols. 
Another determinant for general elliptic PDOs. Let / be the symbol of log^) A, 
where A G EllJ(M, E) and Lrg\ is an admissible (for A) cut of the spectral plane. 
Then the central C x -extension g^ of the Lie algebra Sy og (M,E) =: g is defined and 
/ also defines the splitting (6.44) 



fl (0 =g©C-l. 



(8.64) 



Theorem |6.1| provides us with a canonical isomorphism between gm and the Lie 
algebra q(M,E) of the determinant Lie group G(M,E). Hence the splitting (8.64) 
defines a connection on the C x -bundle p: G(M,E) — > SEllg (M, E). Namely a local 
smooth curve g t G G(M, E), t G [— e, e], is horizontal with respect to this connection, 
if g t ■ gf 1 belongs to the subspace g of g(M, E) = gm with respect to the splitting 
(8.64). 

Let an operator B G EIIq (M, E) be fixed. 64 There exists a smooth curve bt G 
<Sio g (M, E), t G [0, 1], such that the symbol cr(B) is equal to the value at t = 1 of the 



in 



In this subsection we don't suppose that B has a real or a nonzero order. 
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solution s t of the equation in SEIIq (M, E) 

d t s t = b t s t , s = H. (8.65) 

Let b t be such a curve in SEIIq (M,E). Then for a fixed I (= a flog^ A), A G 

E11q(M, E)) the connection on G(M, E) defined by I gives us a canonical pull-back of 
the curve s t C SEIIq (M, E) to the curve s t C G(M, E). This curve s t is the solution 
of the equation in G(M, E) 

d t s t = (H(i)bt) ■ s t , s t = Id, (8.66) 

where : q g^) = g(M, E) is the inclusion with respect to the splitting (8.64) 
(and to the canonical identification given by Theorem |6.1| ). 

Definition. Let the operator B G EIIq (M, E), the logarithmic symbol / of a first- 
order elliptic PDO A G EllJ(M, £), and a curve b t in ^^(M, i?) such that the solution 
St of (8.64) is equal to cr(B) at t = 1, be fixed. Then the determinant of B is defined 
by 

det (£,(/,&*)) :=di(B)/Si. (8.67) 

Here, is the image of 5 G E11 X (M, £?) in the quotient C7(M, £7) := F \E11 X (M, E), 

where the normal subgroup Eq of EIIq (M, £7) is defined by (6.1). The term s± in (8.67) 
is the value at t = 1 of the solution s t for (8.66) with the coefficient b t . 

Remark 8.7. This determinant is invariant under smooth reparametrizations of a 
curve b t . This determinant is defined for any smooth curve Sf, < t < 1, in 
SE11 X (M,£) such that s = Id, s 1 = a{B). (Here, 6; := d t s t ■ sj l .) 

Remark 8.8. We have ps t = s t , where p: G(M,E) -> SEIIq (M, £) is the natural 
projection. Hence sj G p _1 (cr(£?)). We have det (B, (l,b t )) G C x since the fibers of 
p are principal homogeneous C x -spaces because F \F = C x and because F, F are 
normal subgroups in EIIq (M, E) (defined in Section |6]). 

Remark 8.9. The determinant det (£>, (I, bt)) depends on a curve bt in the space of log- 
arithmic symbols (in contrast with a curve at from the definition (8.2), a t C ett(M, £"), 
i.e., it is a curve in the space of logarithms for classical elliptic PDOs). The deter- 
minant det (£>, (I, bt)) is defined for all classical elliptic PDOs, not only for PDOs of 
real nonzero orders. In contrast, the determinant (8.2) is defined for PDOs of real 
nonzero orders. 
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Remark 8.10. Let a logarithmic symbol l\ = a flog^ Aij be fixed. (Here, A\ G 

EU (M, E) and is an admissible for A\ cut of the spectral plane.) Then by 
(6.47), we have 

si(k)/si(l) = exp (J dt (U( h )b t - U^b^j j = 

= exp (Y dt (b t - r (bt) (h + I) /2, 1 - k)J) =: exp / (6*; I, h) . (8.68) 

Note that / (bf, I, h) is the integral over M x [0, 1] of a density locally defined by the 
symbols of bt, I, and of l\. By (8.68) we have 

det (B, (I, b t )) I det (B, (h, b t )) = exp / (b t ; I, h) . (8.69) 



Remark 8.11. By (6.48) we have the formula for a curvature of the connection defined 
by I = aQogA), A G E\ll(M,E), on the C x -bundle p: G(M, E) -> SE11 X (M, E). 
Namely, if g\,cj2 G T g ( SEIIq (M, are two tangent vectors, then the value of the 



curvature form is given by 

R l {g 1 ,g 2 ) = K l (g 1 g- 1 ,g 2 g- 1 ), (8.70) 

where is the 2-cocycle on S\ og (M, E) defined by (5.5) (and by Lemma |5~TD , g^g~ l G 
S\ og (M,E) =: 0. Let 6 4 and t G [0, 1], be two curves in q such that the solutions 
of (8.65) with the coefficients b t and b' t have cr(B) as their values at t — 1 and are 
homotopic curves in SEIIq (M,E) from Id to <y{B). Then we have 

Si (6J) /§! (6*) = exp Qf^ </?*^) , (8.71) 

where i?; is defined by (8.70) and £) 2 — > SEIIq (M,E) is a smooth homotopy 
between s(b[) and s (&*) in SEIIq (M, E). Note that R t is a 2-form on SEIIq (M,E) 
with the values on (<7i>02) £ ( SEIIq (M, -E 1 ) J given by an integral over M of a 
density locally defined by the symbols g, tfy, I. We have by (8.67), (8.71) 

det (B, (I, b t )) I det (B, (/, = exp (7 <p*R^j (8.72) 



with the same meaning of <p as in (8.71). By Remarks |8.10| , |8.11| , we can control the 



dependence of the integral (8.67) on I and on curves s t , s' t in SEIIq (M, E) from Id to 
cr(B) from the same homotopy class. 
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Remark 8.12. Let B\, B 2 G EIIq (M, E) and let S\(t) and S2{t) be smooth curves from 
Id to o- (Si) and to a{B 2 ) in SE11q(M,P). Set b j>t := d t Sj(t). Let the logarithmic 
symbol I = a(\ogA), A G E11q(M, i?), be fixed. Then we have 

d 1 (B 2 B 1 ) = d 1 (B 2 )d 1 (B 1 ), 

— _ „ „ (.0. MJ 

S2S1 — S2S1. 

The latter equality follows from (8.65), (8.66). Hence in view of d\/si G C x , we have 
det (B 2 B 1 , (I, {b 2it U 6i lt ))) = det (P 1; (Z, 6i )t )) det {B 2 , (I, b 2>t )) . (8.74) 

Here, b 2)t U &i )t corresponds to a piecewise-smooth curve S2 U si from Id to a (B 2 Bi) 
through cr(Pi) which coincides with Si(2t) for t G [0,1/2] and with s 2 {2t — 1) for 

te [1/2,1]. 

It follows from Remarks |8.12j that to investigate the dependence of the de- 
terminant det (B, (I, b t )) on the homotopy class of a smooth curve s t from Id to cr{B) 
in SEHq (M, E), it is enough to compute 

det(Id, (I, 2mp)) =: k(p, I) (8.75) 

for projectors p<eCSq(M,E), p 2 =p, in the algebra CS® of classical PDO-symbols of 
order zero. Each of these projectors corresponds to a cyclic subgroup exp(27utp) , 0< 
t < 1, in SE11q(M, E). Such subgroups span the fundamental group Tti (SE11q(M, E), IdJ . 
This statement is proved in the proof of Lemma E]2| in Section [L5l 



Remark 8.13. To compute (8.75), we use Proposition |7.1|) . Namely we have 

det(Id, {l,2mp)) := Id-exp (-27rin (J) p) = di(exp(27riP)) exp(-/(27riP, A)) = 

= exp(-27ri/(P,A)). (8.76) 

Here, P is a PDO-pr ojecto r P G CL°(M,E), P 2 = P, with tr(P) = p. (Such a 
projector P exists by ||Wo3|| .) The operator A in (8.76) is an invertible elliptic PDO, 
A G E11q(M, E), with its symbol c(A) equal to expZ. The spectral f(P,A) of a pair 
(P,A) is defined by (7.9). Hence 

det(Id, (I, 2-Kip)) = exp(-2vri/ (p, exp I)), 
/ (p,expO eC/Z, / (pexpO = /(P,A)( mod Z). (Am) 

By Lemma [7.1| the generalized spectral asymmetry /(P, A)( mod Z) depends on 
symbols cr(P) = a(A) = exp I only. 

Remarks |8.11| , |8.12| , |8.13| express the dependence of the determinant det(P,(/,6 t )) 
on b t and on I through generalized spectral asymmetries fo(p,expl)), p 2 = p, p G 
CS°(M, E), and through the integrals (8.68), (8.72) of densities locally canonically 
defined by homogeneous terms of symbols in arbitrary coordinate charts. 
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8.2. The determinant defined by a logarithmic symbol as an extension of 
the zeta-regularized determinant. 

Remark 8.14. For A G EHl(M,E), for I G S\ og (M, E) such that exp/ = a(A), and 
for b t = I, we have s\ = o~(A) (where s t is the solution of (8.65)). Hence 

det(A (1,1)) := d^/exp =: d,(A)/A, (8.78) 

where A is defined by (6.45). 

We suppose that there exists I G S\ og (M, E) such that expZ = a(A). Hence the 
symbol exp(e/) for e G IR+ small enough is sufficiently close to a positive definite 
symbol. Hence B := A £ possesses a spectral cut L^) close to L^) and Cb,(-s-)( s ) is 
defined. Set 

detm(A) := exp (-£ _1 9 s Cij,m(s)| s= o) . (8.79) 



By Proposition |0| the element 

d (A) := d 1 (A)/det (jT) (A) G p _1 (expZ) (8.80) 

depends on cr(A) := exp / only. Here, p: G(M,E) — > SEHq (M,E) is the natural 
projection. Hence by (8.78), (8.80) we have 

det(A (1,1)) = det w (A) ■ rf (exp/)/exp (n (0 Z) . (8.81) 
The elements <i (exp /) and exp (n^Z^ correspond one to another under the local iden- 



tification of the Lie groups G(M, E) and exp (g) = exp (Q(i)j given by Theorem 64. 
Hence we obtain the assertion as follows. 



Proposition 8.3. Let A G E11q(M, E) have a logarithmic symbol I G S\ og (M, E), 
i.e., c(A) = exp I, where exp / is defined as the value at r = 1 of the solution of the 
equation in SEHq (M, E) 

d T A T = lA T , A = ld. 

Then the equality holds 



det(fr)(A) = det(A, (I, I)), (8.82) 

where the zeta-regularized determinant det^)(A) is defined by (8.79) for B := A £ 
with e G IR+ such that A e possesses a spectral cut close to L( 7r ) . The determinant 
on the right in (8.82) is the determinant (8.67) with b t = I for t G [0, 1], where A is 
substituted instead of B. 
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Remark 8.15. Let A G EU (M, E) be an elliptic operator of a real nonzero order d(A) 
such that there exists a logarithmic symbol d(A)l G S\ og (M,E) of A, exp(d(A)l) = 
o~(A). Then det^)(A) in the sense of (8.79) is defined (and it is independent of a 
sufficiently small e G R+. The term det(A, (/, d(A)Z)) (i.e., the determinant (8.67) 
with b t = d(A)l) is also defined. The equalities hold (analogous to (8.81)) 

det(A, (/,rf(A)/)) = det w (A)rf (exp(d(A)/))/exp(n (0 d(A)/)=det w (A), (8.83) 
since do(exp(d(A)l)) corresponds to exp (ll^d(A)l^ under the local identification 



G(M,E) = exp (g) given by Theorem |6.1| . Hence the determinant det(A, (l,d(A)l)) 



given by (8.67) for an elliptic PDO A of a real nonzero order d(A) (and such that a 
logarithmic symbol d(A) ■ I of A exists) is equal to the zeta-regularized determinant 
det( ff )(A). 

Thus the determinant (8.67) gives us an extension of the zeta-regularized determi- 
nant det^(A) to the class of general elliptic PDOs EIIq (M, E) of all complex orders 
from the connected component of the operator Id G EIIq (M,E). Note that the de- 
terminant (8.67) depends not only on A and on / but also on an appropriate curve 
b t , t G [0, 1], in the Lie algebra S\ og (M, E) of logarithmic symbols. 

8.3. Determinants near the domain where logarithms of symbols do not 
exist. Let A(z) G EIIq ^ (M, E) be a holomorphic family of elliptic PDOs of order 
a(z). We suppose that a(z) G C x . Here, z belongs to a one-connected neighborhood 
U of I :— [0,1] C C 3 z. Let for z G [0, z ) a logarithm of a(A(z)) exist. We are 
interested in the asymptotic behavior as z — > zq of determinants of A(z) We claim 
that there is a locally defined by the symbols a(A(z)), a (log A(z)) object which 
controls det (A(z)) as z — > zq along /. 

Namely let I G r _1 (l) C S\ og (M, E) be a logarithmic symbol of order one (r is from 
(5.4)). Then I defines the splitting (8.64) of q := WiQm- Hence a connection on the 
C x -bundle G(M, E) over SE11 X (M,£) is defined by I. A vector g(t) G T g(t) G(M,E) 
belongs to a horizontal subspace, if G Wig. (Here, g := S\ og (M,E) is 

identified with the image of g in g^ under the splitting (8.64).) 

The section U -> G(M, E), U 3 z -> d x (A(z)) G G(M,E), over U 3 z -> 
«t(-A(z)) G SE11 x (M,E) is defined. 65 It is holomorphic in z 6 (/. Let / (z): U9z-» 
G(M,E) be another section of p: G(M,E) — > SEUq (M, E 1 ) which is a holomorphic 
curve in G(M, E) horizontal with respect to the connection defined by I and such 
that f (A(0)) = di(A(0)), G U. (Note that this connection is holomorphic. Thus 
such a holomorphic curve exists and is unique.) 

Then di(z) / fo(z) G C is a holomorphic function of z G U and fo(z) is locally defined 
by the symbols a(A(z)) of our family. (We suppose here that d\(A(0)) is known. For 
example, if A(0) = Id G E11 X (M, E), then di(A(0)) = Id G G(M, E).) 



65 The element di (A) is the image of A e Ell£ (M, E) in G(Af, J?) := .FoV EIIq (M, J5), Section |. 
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Let a log A(z) G tll(M, E) exist. Then by Remark O and by Propositions 3^, 3J) 
we have 66 

det ( (A(z)) := exp (-d a TRexp(-s log A(z))| ) . (8.84) 

Let a (log A(z)) = a(z)l+a Q (z), where I is a logarithmic symbol of an order one elliptic 
PDO, ao(z) C CS°(M, E) is holomorphic in z for z G [0,z ), and a (z) diverges as 

Z 2q. 

By Proposition |6.6| , by Corollary |6]2|, and by (6.30) we have a section 

S^rf (<r(logA(z))) 

of the C x -bundle G(M,E) over 5 = S(z) := <x(A(z)), z G [0, Zq), depending on 
a(logA(z)) only. If log A(z) exists, then by the definition of do(cr (log A(z))) the 
zeta-regularized determinant (8.84) is equal to 

det ( (A(z)) = di(A(z))/d (a (log A(z))). (8.85) 

Here, d\(A) is defined as the class F A in the determinant Lie group G(M,E) = 
F \E11 X (M,E). 

However the canonical determinant det(A) is defined for more wide class of elliptic 
PDOs than the class of PDOs A such that log A exists, Remark |6.7| , (6.31). Namely 
if o-(logA) G Si og (M, E) is defined, then 

det(A) :=di(A)/d (cr(log>l)). (8.86) 

This determinant can be defined even if the zeta-regularized determinant det^(^4) is 
not defined, Remark |6.7| . (The definition (8.86) does not use log A. However log A is 
defined, if Ca(s) exists.) 

Proposition 8.4. There is a scalar function 

B(z) :=do(a(logA(z)))/f (a(A(z))) 

holomorphic in z G [0, zq) and defined by symbols (and by logarithmic symbols) of 
our holomorphic family and such that the divergence of the canonical determinant 
det (A(z)) as z — > z along I is defined by the behavior of B(z) as z — > z along 

[0,Zq). 

Proof. By (8.85) and by the definition of fo(z) we have 

de%(A(z)) = (d l (A(z))/h(z))/B(z). 
The factor d±(A(z)) / fo(z) is holomorphic in z for z G £7. □ 



66 Tr is the canonical trace for PDOs of noninteger orders defined in Section ||. By Proposition 3.4 
the residue of the zeta-function on the right in (8.84) at s — is — res(Id) = 0. Hence the expression 
on the right in (8.84) is defined. 
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